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STRING, STRAIGHTEDGE. AND SHADOW

Nowadays, men build br idges that span the Golden Gate and
the Mackinac Straits. They make plancs that go six times Faster
than the speed of sound. submarines that circle the globe with-
out surfacing. missites that reach outer space. They drill oil
wells deeper than the height of Mount Everest. They have har-
nessed the power of the tiny atom, and placed men in orbi
around the earth. But hchmrl these 2oth-century wonders lies
a long history packed with hcauty, adventure. and struggle.

Tlnnu_gh the ages, men have searched 1o find the secrets of
the universe. As these secrets were learned, they were written
down in mahematical symbols. Today the search for secrets

goes on: the myster 14 of the universe is sull unfoklmor Even the

huge telescope at \!uum Palomar is only a tinv window into a
vast unknown, and when we fin: iy travel to the moon and
planets, there will be other worlds circling other stars for us to
visit. In this unendimg scarch, mathematics has been a Key from
the very start.
A long, long time ago primitive men observe the lines and
curves and other forms of nature, They marveled at them, and

~copied them as best they could.

Then. as need arose at the dawn of historv. men learned 1o
construct these lines, curves, and forms accuratelv. They used
the string 10 wrace a circle, to lay off a right angle, to stretch a
straight line. They used as a stmw/zt(’(/"e anything else with
which they could draw 2 straight line. They came to realize
that shadmes are the sun 'S h.mdmmncr upon thc carth to tell
the secvets ul m(lc m the unncr SC.

By using these c,m-u)-hn(l tools, the early civilizations learned
how 1o tell time and diréction. T hey designed their dwellings,
lcmplcs. and tombs, Liid out their hd(ls and constructed irviga-
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Prologue

tion ditches. They startéd to measure and record the ;fpp:'u'.cm
travels of the sun, moon, and stars. They tound wavs of guiding
their own travels across the sea and the tackless plains.

So, during thousands of years, the ancient peoples of the Near
East built up a practical art that came 10 he kn()\\;n as geometry
~—from geo. “carth.,” and metria, “measurcient.

And then other peoples—the Greeks—turned from the tools .
to the rules. N |

Thinking men began to question and wonder _w/z-y. .I hey were
sull practical people, but they were also interested i abstract
rules about lines and curves and angles. '

For centuries, many men worked on these rules. Some studied
beautiful geometric forms and tried 10 combine thc-'m with num-
bers into a pauern of the universe. One sobved useful mc.ch;uucal
problems, such as how o raise water out of the h()l(l. of u'lcnk,\'
vessel. Others worked on “useless™ puzzles, veal bram-twisters.

Out of their work cane iheorctical geonctry.

The Greek geometers developed Hogical ways ol thought.
Thev discovered that the carth is a sphere. and they icasured
the (t‘,rirt,h of this sphere and the ult ol s axs. Tll.cy ciscovered
the properties of curves which they called the dllipse, the ;)(1:‘(1i
hola, the hyperbola. and the spiral—curves that many centuries
{ater were recognized as the paths of mouon for bodies i space.
They helped lav the (lindations of modern science and invention.

But all that ook an unbelicvably fong tme and hdl)[)Cll(.([
very, very slowly. Nowadays we live in an age ol speed: new
nm;lcls-uf awtomobiles and television sets and sound-reproduc-

%

ton svstems are perfected before the old ones are worn out orvl-
even paid for. So it may be hard 1o vealize just how long it took

to make those ancient discoveries.




STRING, STRAIGHTEDGE. AND SHADOW

For thousands of vears, hllhom of men have lived on the

earth, and onlyv a limited number 0[ [hem have comnbutccl o

the development of geometry. Many of the “facts” are missing

fr om lhe earlv part of their story. For thc. most far. away period,

the records are gone. and sometimes we have only a name or
a lewen(l

So inthis book, we shall vy o tell a story inste: l(l——onl\ the
high lights. the best characters. the dramatic incidents.

This will be the thrilling story of geometry in the ancient
world, from the earliest prchistoric men to the best- -selling text
i the lnsum ol mathematics, the Elements of Euclid. The story
xe.\llv 15 a thriller, with wonder and ad\eh%me and magic, and
even a murder mystery!

As vou read it vou will sce that it is a timeless tale besices.
For the old discoveries are \cn much alive todav. And all of

therm were made with j jJust three \\(mdelhll 10ols: the strmg. the
\nmgf tedge. and the sh; icdow.

T~ 6232
Acc, No.. . X [ 5
Daw;.......-.........l.... ecbelsriscasese




1. A SIXFE SENSE

Geometry itself—if we trace its deepest roots—goces back long |

before the (Escnvery of its tools. ht goes huck even before the

first observations of primitive man. In fuct it goes way back 10 -

- nature and Efe ancl a “sixth sense” that is in every one of us.

This mysterious faculty can be called an inborn sense of
mathematics. '

Because we ave all part of ihis immense universe. andd are
* bound by its faws, we have a nawral sensinvity to its order and
beauty. Alkmen are thinking parts of the universe, so they have
used their sensitivity o anslate these Taws of order and beauty
into mathematical language.

You can understand this sensitivity from your own personal
experience. When you shook a raule and recognized rhythm,
or rolled 2 ball in“your plavpen and noticed the characteristics
of a geometrie form, your study ol mathematics hégan.

If you ever have entered a room and adjusted the curtains or
straightened ¥ picture on the wall, you have used an innate sense
of measurement. If vou have stopped vour cars to shut out stri-
dent or confusing sounds. vou have sensed a desire for harmony.

_When you first vealized security in the fact that daylight and
darkness follow a constant pauern, you experienced a sense of
ovder in the universe. .

Allliviiig things proclaim this order and have a sense of math-
ematces that comes naturally,

Birds, bees, whales, and scals have a nauiral sense of direction
and distance. Why does a tHlock of birds v in angular formation
and a family of ducks swim along the creek in the smme angular

12

torm? How do birds {lv back and forth-with the seasons, finding

their way o the same resting place? How do bees direct one
another to the source ol honev? Thev never studied tlic science
ol navigation—vet ihey seem to know how to navigate.

In their building. wo. the creatures show a sense of form. Bees
construct their six-sided cells m the most efficient method of
space-{illing. But they never studied architecture. Spiclers spin
an almost perfect spiral web. vet they never studied engineer-
ing. Few birds fail m(ol)sc ~e the prinaples of svmmcetry in
the structure of a ndst. And all animals scem o know that a
straight line is the shortest distance between two points. Tt is
almost as though thev had mstruments built into them.

Within oursclves also there seem o be built-in measuring
mstruments. A nawaral compass helps our sense of direction. A
sense of mass and weight keeps us from wying to lift too heavy
an object. A sense of svmmeny guides us in hanging a piclure,

13
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or spreading a tablecloth. or adjusting a bedspread. A nawral
sense of thythm makes us @p a foot or want to dance when we
hear music.

1 some of us have developed this special sense in our work.
ABOSts. for instance, are natural mmhcmmi(:i:ms. For the secret
of heauty is order. Artists must continually compare sizes ane
distances in their relation to one another in the composition of
a picture. They have 10 phl form and atmosphere on a lat rec-
tangular canvas. So they have to judge the values of tones trom
ight to dark, and the torce of contrast, and the,imensity of color.
Musicians use intuitive n'l;uhcm:u_‘ics. tgo.. Thev must Keep
time, or have a conductor do it tor them, They must know the
value of notes and rests within a measure. Thev have to Judge
the loudness or sotness of i one. and how long 1o sustain a note,

With their fingers, pianists have 10 measure the speec and

strength of their touch.

vhat about dancers? The whole plan and execution of

ballets based upon an amazing precision of time. motion, and
orchestra.
o measure the ume-bears in

related beats from line 1o line. Thev have

Poets. 100, have a line. and the

to Judge words not
onlv for meaning and rhvime, but for the number of svilables
and the strength of the accents inside’ the words.

Some people, as you see, have developed their “sixth sense.”
But within all of us there s a natural mathematical sense tuned
to the natural order of the universe. We all like. order and
harm_;on'\'. We like things m proporuon; when they seem to be out
of proportion we try to correct them. .

It was from this inner SENse—man’s sensitivity to the order and
harmony of the universe—that geometry really begnn.Q -

l4

2. FROM THE ART GALLERY

"OF THE UNIVERSE

' iy W st cliscovered the
When and how did geomeury I)Cgm.' Who first clisc o »
l‘ ) nuple geo ¢ forms:
chapes that we call sxmplc geomcetric
I curves, and xlmp(s that l
e . : ( arlies o wan-
These l}n'n]( were discovered l)_\‘ the carliest men w
NCIC S C ‘ . : o
. : ' X ‘ms found cvery
[ d on the pl'mel earth. For ll.hey were {orms fous
cdere ¢ . . - o .\’ e
1 ature—in the vast art gmllcm v of the unmverse
e . ; i rh tens of thousands
M M . - . 1 = g - )ll( ] R
L relur I anagmations throug .
Lot us reurn m ot g ! . ' S0 e
£ vears. o the ume when the first men \\umdeacd al oo
ol vears, t . et - carth, they
mall groups over the carth. Future masters of thel l o
e . V : secrets and wonder
ill cringing i fear. All the great secrets and
were stll cringing . O
; were locked awav from them, awat ¢ the \
resSOUrCes \
dmen ohumi T -¢ severely {richtened
11 hid from the h -h(mng. hev were .scvucl} f1 g l
¢V . g yw evere s )
i - inely blind and ruthless forces of nature. ¢y
by the seemungly B . ‘ - [OIWcr
l- hi that. as the davs grew shorter and the sun sa s
thouy aat, Vs g _
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STRING, STRAIGHTENGE, AND SHADOW

daylight would (h';.lppmr forever ancl leave them in the chilly

darkness. :

So they hudedled by their precmm fires.

Fire—that was lhc first great secret wrested from naturc. Pre-
historic men tended the fires set when hghting struck uees.
and learned 1o make their own fires. But this did not chispel their
dread that the sun was dying. Al primitive peoples have shared
the fear, .md riies anel chams and sacrifices were dev eloped to
help the sun's return. v

r].l(llhl“}'. however. the returning warmth and light raised
thew spivits. This cvele had 1o occur again and again through
centuries before it gave them confidence in s dependable
patern. '

But slowly they began to absorb a feeling of rhyvthm and har-
mony and order in natre. Terror gave way (o wonder and
fresh discovery.

Then they humn to listen 1o the music of the wind, the be
of the rain. On wirm nights they heard the insects” song and
the symphony of the frogs. They noticed the time-beat of their

Jhearts and the rhyvthm of hrc;lthing.

They began to observe lines. The jagged heghming was ter-
rifving. But they felt the tranquil peace in the line of the far
horizon, like the position of their own bodies when thev fay
down to sleep. They admired the stronig permanence in the hine
of a wll, straight tree, like their own positions when they stood
up. They saw ‘the sadness-in the curve of a wilted stem, and
the airy lightness in the sime curve on a soarmyg coud.

To the early men who trudged in fear through the wonderiu!
art gallery of the universe. evervthing was a new discover v

<

an dllLl/ln” sur ])l 1sc.

10

The Beginnings

Before we learn how geometry came ot ol these discoveries,
vou may want to tour the same art gallery for yourself. Just
: . M [T 3 . B v,
look around and you will find the circle, right angle. triangle,

i i : ax-stde p spital, beau-
“square, fivessided pentagon, six-sided hexagon, and spiral, be

tfully revealed by nature in skv, carth. and sca,
Gaze at the immensity of the night sky! The greatest natural
Law that we all {eel and appreciate is that of arder over chaaos:

it can be seen in the patterns of the starry firmament—unot just

those visible to the naked eve, but the ones disclosed by tele-

i ' - spac ralaxies—im-
scopes and calculations. In outer space, distant galaxies

mense clusters of stars—unfold in gigantic spirals. Closer’to us,
plancts and comets swing around the sun in elliptical orbits.
Mectcors blaze into our own atmosphere in pavabolic (:ur.vcs.

Or look 1hr<)ug!i a microscope at the intricate beauty ol crvs-
tals! For centuries down under the cavth, under is great h‘caL
and pressure, minerals have been solidifving into cry.\."‘talImcy‘.y
form. Crystals ave the flowers of the mineral world: they “grow
by building onto themselves the same materials that they arc
made of. One mineral can be told from another by its crystal,
for that is the geometric form a chemical substance assumes
when changing freely from liquid or gas 1o a sulid‘. Large or
small, regular or ii'regulm', all crystals ol a given |'nmcral »h;n\-'cA
the same inner lattice structure and the sie relations between
faces and axes. r

Have you scen quartz crystals? They are six-sided (o hexag-
onal) prisms capped by a six-sided pyvramid. 1f yon pound one
to powder and put the powder in a solution to recrvstallize, the
resulting crystal takes the same shape: a hexagonal pr ism capped
by a ficxagonal pyranud!

Why? Because nauure al\\ avs tends tow ard sunpk geometrical

7
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shapes. These are the

and outer symmeyry:

v star. '
And these forces are

ot liting things.

result of univers:
} o universy) laws of inner struct
the same forces o
me forces that mold a te;\rdmp mold
L . ‘

ar v ‘n]\ VE frv
"\\'hclt 1 S

A € n [h(‘ ("C()HIC ry

])N’ VO ever \\dn(lCl

ad | through torests
e gh torests

'r S et .

X ~ he woodland bursis into hloom
of the fresh e three-
(;h;nlk-whit.e.

and fields in the early
with the tiny tri;anl&
1€ square form of the

a
nd the pentagonal blossom

: petaled willium,

dour-petaled doow |

of the mountain layrel - i”g“‘)”d'

o™ aurel. The truit trees swell out with £
s. Bend dose 1o the ground ; A

topped with del; X e e ;J
( 1 delicate spirals f

on a vine,

e-petaled
16 G o .
¢ tmy fern opening,

> € C ROLICE [.} M « LA
tn , 1€ })” ]hn(j (ll(hl’\

The Beginnings®

Stroll across a meadow covered with ﬁve-pe[aled buttercups
and the circular faces of daisies and dandelions. And when vou
>ull up a dandelion, stop and consider its beauty, from the

|

spiral growth ol the plant to the gossamer sphere that holds.

the seeds. .

Take a new look at the flower garden. The lily, s, and jonqilil
buds open o hexagonal, six-petaled blossoms. Have you no-
ticed that the green “petals"—the sepals—at the base of a rose-
bud spread into five-pointed stars as the colored petals unfold
spirallv? Press a blossom of Queen Anne’s lace in a-book if you
want to see a design for lace as beautiful as any a queen might
wear.

Study the fruits and vegetables! Shce a cucumber, and vou
will find three divisions of seeds. Slice a green pepper, and you
will find four divisions. Stice an onion, and the slices will fall
apart in circles. Cut an apple crosswise, and you will find the
sceds lodged in a five-pointed star.

Best ol all. view the scashore with new eyes. If you are col-
lecting shells, examine the spiral on the shell of the tny sea
snail—a spiral that scems o have been drawn there by the huge
pwirling wave that volled it up on the beach!

Did vou ever notice a sand doliar? It is a very delicate white
cirele. Look at it carelully, and you will see a litle five-petaled

Nower ctched on one side and a larger one extending to the

edges of the circle on the other side.
[f vou have come across starfish in the shallow wash of a

o
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wave, you have surely noticed that most of them are five-pointed.
Have you ever seen a sea urchin dinging 1o the rocks with litde
feelers like pine needles> Dryitand brush the needles off, and
vou will find that the small domed shell is marked with a five-
divided pattern. When ffou are about o dive ofl'a dock into the
warm August water of the hay. the sight of & sea nettle is not
welcome. But pause for a moment and study the Tacework and
structure of its design before YOu get your net 1o scoop it out
of the water.

Evervwhere in nature are shapes that we call “simple geo-
mewric forms.” These shapes seem enclless. The simple divisions
of the circle, by 3, 4, 5. ancl 6. are infinite in their variety ol
beauty in nature’s constructions. For within nature's law ol order
there is vaiation, an over-all order with wmqueness of detail.

Consider the snowflakes. These six-petaled ice flowers are
hammered and forged in the upper air by the forces of wind and
cold. They are always six-sicdled—that is their law—vet cach one
is different. So there is freedom within the law. And it is the
study of variatons within ‘the luv tha matkes mathematics so
fascinating, and by no means easy. For mathemaics goes bevond
the simple and familiar into the realm of the abstract and the
nagination. ° '

These are some of the wonders and Luws (¢ observe in nature’s
showcase. We need to have them called 10 our attention because
we have pantly lost touch: with nature.

But primitive people were terribly, even lvighteningly close
to nature and nature’s forces. They saw and felt her marvels very
strongly. So it was from the vast art galiery of the universe thin
carly man learned the geomeuy they woitld use in the dim
Stone Age.

20

3. SECRETS OF THE STONE AGE

Stone Age men—prehistoric men who chipped and (!;\k-cd'ltAlv}‘c.l'r
wols from stone—used geometry in two great ways: i tec'.u(,s
to make life easier, and in art 1o make it more pleasant. For !)(lnl'l
uses, _lhcy barrowed geomeuric secrets l'ml-u uaul_lf‘c. They fe L.‘f
sense of swift motion from the slanting line of"a tree w}‘xcnnlf
crashed 1o dwe ground. I i fell aslnt ;umll}m' l!‘cc, they fclt- Il:
strength as a brace. They felt the force of then own lslaln.un::;
positions as they pushed a heavy rock: they realized that i

i a vock along level ground than it was o .
was easier to push a vock along level grow ‘

21
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push 1t uphill, anc thev
They noticed the speed of birds in
They noticed the sturdiness of three
make, a tripod.
T};’c‘v saw that curves ha

Early men were

for
rolier, and 1o extend an inclined
mouth of 5 high cave.
. Ccomelry was
as well!

beach, coming only so far

rhythmic roar,

Symmetry and harmony and variety of
as decorations of theijr

of raindrops and the flash of a
geometric designs, circles

2z

a use, too.
beginning 10 discover
Jorce. They used these secrets, which they
countless purposes: 1o brace their

astomishingly usefuy)—

were patterned with colorfy) designs. And
this, primitive men were discovering the secrets of beauty in the

Perhaps unconsciously, they began to borrow these
own. They borr:

and dots, crossel
And through the millennia, they used these geometric patterns
to decorate thejr persons, their homes, their belongings. They

telt the ease of pushing i downhill,
angular Hight formation.
sticks tied

at the top to

A round log rolled.

the secrets of line and
had found in nature,
homes, 10 make their

pointed arrows and their wedge-shape axes, o fashion a log
plank t‘r?m the ground to the
2

and gt was ornamental

- They must have noticed that the sky was decorated with stars
at night and tumbling clouds by day. The earth was decorate
with _!_;%Hing hills, mountain peaks, winding rivers, Howers, trees,
reﬂeéﬁdns' in still lakes, and moving shadows. Ay the seashore,
foam-capped breakers curled and spread fan-shaped along the
and no f;i\ther, accompanied by ,
Birds, flowers, repules, fish, bmterﬂies, and msects

as theyv noticed aJj

nature’s forms.
des:gns
owed the curve of the

snail shell, the repeating pattern of wave after wave, the splash
Hlame. They drew them as simple

and paralle] lines.
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smeared them with mud and ocher on their own bodies. They
carveck anc etched and wove thcm n their ornaments and 10ols,
their bowls and baskets. They used them to adorn their huts
and temples. '
- Perhaps vou are familiar. with. such designs on the tepees
and:blankets and heachwork of American Indians. Did vou know
that they represent natural phenomena—sun, moumains. trees,
lightning? Primitive people everwhere have used these designs
and this symbolism.

But their development was a Fantastically slow process. In
prehistoric times, centuries might pass. ifter a geometric form
was noticed, before it was drawn.

The first geometric form 10 be admired was probably the
circle. Even the earliest men must have observed the circular
shape of the huge. red setting sun, the white brilliance of the
full moon, the circles in the eves of their friends, and the spread-
ing circles made by raindrops on a puddle of water or by falling
leaves on a still pond. - :

Admiring a circle was one thing. But drawing a circle accu-
rately was quite another story in those faraway times when men
hved without using circles.

Today we are constantly surrounded by circles, more than
we can possibly count. Look up, look down, look all around you.
How many cirdes can you find in any room? Think of the
kitchen, for example. There are circular plates and pans, gas
or electric burners on the stove, rims on the glasses. And these
are only a start. °

During an assembly quiz progam at a certain school, the
question was asked: “How many circles are there in the

auditorium?»”

24

The first guess was one hundred—far wo fow. lmmediuely
other students with nimble minds calculated ahm'nt ten [lm‘u:
sand. in the cirde designs on the ceilings and walls. Then m‘h‘uhf
muluplied the numbdt’ of students by at least three h"“”f‘,‘f ,)L;
jacket. one dime per pocket, four eyelets per shoe, two cy cjs pci
‘{‘acc. This came to about twelve thousand.. But other contestants

i 2\ “the

kuew there were more circles uncounted. They thought of
‘ irls” dresse ings in note-

polka-dot paticrns on same of the girls” dresses, the vings in "
‘ IR P A Cherese . he

hooks and the circular holes on loose-lcal’ pages, and al rl
a ' ith a1 S ing the floor : fur-

nails and screws with circular ficads holding the floor and

A - ] 7 IR 1
niture together. Finally they gave up!
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SO, you see, the arcle is everviy
for ornament, more ofte

value of

here in our lives—sometimes
n for use. For nowacl
v accurate circle. Think how
is in the tiny mechanism of
airplane panel, or all the “w

Certainly the discovery of |
a great accomplishment for

But how w;

ays we know the
important thijs accuracy
a wrist watch. or the dials on an
heels” of modern industry.

10w to draw an accurate circle wag
early men back in the Stone Age.
s it first done? No one knows for sur
discovered (he Sccret~whelhcr it was
Was never recorded. We have no recoy
the first accur

e. Just whe
aman, woman, or child—

'd either of when o where
n, with every point on the

ance from the center. But we can ma
as to how it might have happened.

ate circle was draw circle
the very same lis Ke an
Imaginative guess
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cound by an
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i sslowly growing store of secrets of e Age.
covery in the slowlv ¢ ng
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4. READINGC THE SHADOWS

Here our story takes an exciting new win. The time was Just
before the beginning of recorded history. The place was the
Near East. And geometry was about to change from us primitive
beginnings into the andient practical art of carth n)CaStu‘ﬂrknt.
Some men of the new Stone Age had been through what
scholars call a “revolution,” because it made such a drastic
change in their lives. They were no longer huriters and fishers,
but herders and farmers. And in their new roles they learned
a lascinating new kind of secret from nature: how to read shad-
ows, messages from the sun, as a measurement of time. '
As usual, the knowledge came gradually, for it was built upon
the distant past. A
Men of the old Stone Age had lived through many exhausting
~ millenaia, hunting wild beasts for food and being hunted in
return. In caves and jungles, across steppes and forests, they
had hunted saber-toothed tigers and mammoths and boars—ancd
themselves been stalked and wampled and gored.
Then some wandering groups of men entered the great river
valleys of the Nile and of the Tigris and Euphrates. For a long

IN I HE /5' N CIEN | ’ while hefore this, thgr had gatliered wild berries and fruits anc
: < uuts 0 eat with their meat or fish. But here, by chance, they-
" learned to prepare wild grain with a pleasant taste. And in tiime,

l N
N EAR EAS I as the chmate grew drier. somebody noticed that from grain
R :

7
IS

A

S
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scautered on the river mud—>by the wind, by human hands—a
plant would grow. Thirsty animals, crowding toward the rivers,
were wapped and penned. Men were starting to produce their
otwn food along with great.rivers of the “Fertile Crescent.”
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In these broad, protected vallevs,
and cultivate the land. They live
and sometimes they had leisure 1o plan and dream.

Among those who had most leisure were the shepherds. They
watched their flocks under a scorching sun and took shelter m
the shade of large rocks. Manyv times during the day they had
to move to keep in the cool protecuon of the shadows.

Perhaps it was a shepherd, bored by the monotony of his
long day, who first placed stones at the end of a shaclow as s
position and length changed throughout the d

30 |

they could water their Hocks
d wgether, season after season,

ay.

§
]
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We can think of him, and other sh‘ephcrds, as em;l{yfsaelfll:)slt;
who discovered how to tell time. I they \\.'andere. a: rom
home, they could tell by the shadow when it \«:as.nme od‘r‘ec-
back. TI!C;‘ discovered also that the shadqw pointed g::e 1[ o
tions on the ground. Akmg with a need to mezmrrle ' ,m;, x_‘e:;l
had a need 10 tell directons. This was befo.rc they m' 7 d'emw
need to measure distance. for in those dim agcs; \\a:\ ﬂac:
herelers and farmers still moved their homes from place 0 X

Y i 1 -asses and the streams.
following the wild g1 asses ¢

kY |




STRING, STRAIGHTEDGE, AND SHADOW

But time was alveady important to them. As men discussed
the usefulness- of measuring the time of day, they must have
thought about the usetuiness of measuring the time of vear. At
first, the proper seasons 1o plant, to sow. 1o reap, to mow, were
all guesswork. Many mistakes must have been made, and vital
crops lost. What was 1o be donc? If by day the sun marked off
the time, why not look to-the skv for other needed measurements
of time? _

Trees bloomed, then birds sang among blossoms and peckec
at [he first fruit, and what was left developed and ripened. The
earth dried up, and the leaves fell. The flood of the river came

at repeatect intervals. Surely there was a pattern in the seasons.

Was there also acclue in the sky 1o all this?

Remember that these people had litde to distract them from
the sunlight and shadows by dav. from the brilliant stars at
night. So’ thev watched for signs.

As the shepherds sat through the nights, the sky produced

tively entertainment. A bright parade of star groups marche

across the sky, and certain bright wandering “stars” moved
among them. In the night sky the moon appeared and grew and
disapppeared—and started this interesting cvele all over again,
So these early stargazers counted the nights as the moon went
through this same routine, and discovered a repeated pattern.

The sun seemed 1o follow a pattern to. There were intervals

when the days grew longer and longer, and the shadows came

more slowly. Then this would change. and the dayvs would grow

shorter and shorter, and the evening shadows would lengthen |

early. And this routine. too, would start all over again.
These constant cyclic patterns' in the skv and on the carth
must have some connection.

32

In fively conversations around theiv campfives, the carly shep-
herds must have talked about the constancy of the change in
the moon, the shadows. the seasons, and the changing, length of

the day. Surely the moon and stars. the sun and shadows, were
ever-present ¢ guide posts for thew daly work., The shadows

S igh the
changed through the day. the moon changed through d

month, the plancts through the year.
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So these earliest stargazers counted 30 days while the moon
changed; and they ‘watched it change 12 times, from the first
bird song in a blboming tree, until the tree bloomed again and
e birds returned. They made a crude calendar of-360 days:
it Gan be called the firsg ma[hematical--_.fgnnula;,The‘ naccuracies
in this first calendar kept men busy studying the sky and
shadows for centuries to improve it.

Shadows and how to read them were 10 be Very impoitang
in the future science of geometry. But that comes at a larer
period of our story. For now, you may, gnjov reading shadows
yourself—un(lersmnding their messages abou time, just as did
the men after the new Stoﬁe Age! ,

It will not be hard, for shadows are Pleasant things. They call
to mind cool relief from the summer sup. The sun is 4 master
artist. It sketches a moving picture of You as you walk on 3
sunily day. It sketches the form of a tree and jis leaty pauern
in dark blues and purples on 2 bright green lawn.

Furthermore, probably vou already know how 10 read the
sun’s messages from the shadows. Have you ever had the ex peri-
ence of lying in the cool shade under j beach umbrelly

suddenly realizing that the hot sunlight was on your face? Yoy
had not moved, but the shade had. Or have You ever wondere]
if it was time to leave the beach and get home for supper, and
then looked at the shadows for a clue? Perhaps you have never
thought of making yourself handy Iittle timepicce. Just prop
a stick upright in the sand, and watch its shacow change length
ancl divection, as you go into the water and come back out again,
untl the shadow finally tells you when to go home.
Itis even more fun to study shadows deliberately for ihej,

34
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In the Ancient Near East

Javmo in Syria. the oldest known village in the world. And many
ol these ruins reveal the work of skilled surveyors. They are laid
out with straight lines and right angles.

Nowadays we take right angles for granted, but have you
thought what a big part they play in our lives? I you have {lown
over farm lands, you probably have nouced that the scene below
resembled a patchwork quilt. for the fields are laid out in rec-
tngular pauerns. The fences divide one piece of property from
“another in the same rectangular patterns. And the corners of a

rectangle are right angles.
As you drive along through the country, have you noticecl

|
‘1 that the telephone poles, Tence posts, trees. and houses all stand 5
i upright and at right angles (o the ground? Can you imagine a 4%
[ landscape without the right angle? Tryv to picture driving at i
; 3 [ifty miles an hour, with poles standing every which wayv. And P
; D. THE ROPE-STRETCHERS suppose houses and windows slanted in any direction, and the L
v , walls of a room were closed inward. Certainly one’s sense ol
security would be disturbed. ) ]f
Today we are all so familiar with the right angle that we don’t 4 o

Now at fast came the dawn of avilizaton. And with i, practical

i

even notice it. Look around the room—how long do vou think it
. would ke vou to count all the right angles you sce? Even in
this book, right angles form the four corners ol cach page. They.
appear in the structuge of the letters L. T. E, and H. In modern

“comun got oft to a real start in the work of the SUTVeVors or
l()pC-sll(th(‘l\
-

i-_“ s A e o
&

To build the early avilizations, men had o get along ogether

e

i sctdements. Living in groups meant great advantages and
also great responsibilities. The men who lived together in the
protected vallevs of the Nile and the Tigris and Euphrates rec-

ognized this. We have the prool in their ruins. | S |

_umes right angles, like cirdles. are evervwhere.

Each early civilization, as far back as sev cral thousand vears

. has left on the land the s wings of field markers, i 1gition

can: IIS. and storage basins. The very earliest tracings go back 1o

P
' about 5000 B.c.. the date tha archaeologists give 1o the vill: we of
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as a rope. To make a strong rope, men could use a sturdy vine
or twist reeds together. And a stretched rope would mark the
boundary between two neighbors.

But there were neighbors on four sides, not just on one or
two sicles. At first, the corners may have been marked off free-
hancl. But men wanted something more dependable than a free-
hand boundary. The big question was how to trace an accurate
right-angle corer.

Exactly how this was first done—in Mesopotamia or Egypt—is
a question that historians may never be able to answer. But we
have some tantalizing clues.

In the wall paintings of thousands of ycars ago, there arc
pictures of Egyptian surveyors dragging a knotted rope. From
that custom. the ancient surveyors seem 1o have been called
“rope-stretchers.” And apparently those ancient rope-stretchers
knew that certain dimensions—so many knots or spaces on cach
side—would make an accurate right wiangle. '

How did they find out? Perhaps the discovery was made and
lost many times. We can only imagine the way it might have
happened. . . . :

Perhaps the clay was very hot and some Egyptian rope-stretch-
crs got more tired than usual, laying out & right angle by an
old guesswork method. The idea was to make a straight line,
and then another crossing it in the middle. This was hard work
in the blazing sun—it ook three and sometimes four of their
measuring ropes with evenly spaced knots. '

First they had to lay the straight linc. The meant hammering
two ond stakes firmly into the ground with a knoued rope
stretchied tightly between. Then they found the middle of the

line and drove in. a center stake.
39
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Next they ok a much longer rope. with plenty of play, and

fastened it 1o the wo end stakes. Scizing this rope by the mid-
dle, they pulled it as far as possible 1o one side, ()];})<)site the
center stake, and drove in a side stake to hold it there.
Finally. thev stretched a cross rope from this side stake back
over the center stake.
That ought 1o be a right angle. But the overseer was fussy, so
they would have to do the same thing over again on the other

side, and then keep at it the rest of the day, until they lined up
the ropes perfectly.
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Perhaps at noon when the whole crew stopped o rest in the
scanty shade of a clump of palm trees, one man stayed behind.
weartly studying the knotted ropes stretched on the ground.

Long ago, he might remember, they used to find the middle of

a rope by laboriously folding it in two, but nowadays they just
used ropes with an odd number of knots and counted spaces
to the center knot. Wasn't there some simple way to count for
a right angle? He began counting. There it was, the 3-4-5
right triangle: three spaces between the knots on one arm, four
spaces on the other arm, and five spaces on the long side oppo-
site the right angle. Naturally. he shouted to the others to come
and see. These easv dimensions on a single rape would give
them the form they needed so badly, and with hardly any work
at all. The rope-knotters could even make a special rope, with
large knots already spaced in the dimensions of 3, 4, and 5—
and they could |)cg it anywhere to make a right trianglc in a
few minutes. ‘ '

By some such accident, or series of accidens, the string clis-

“closed yet another secret—the perfect right angle.
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Now that suwcu)rs could mark oft’ .1ccunuely, with rope, all
the sides and corners of a held they had ample practice. For

every year, when the floods c1mc and receded, the car pet of

nich:black soil buried the bound; wy markexs, and the fields had
to be: remeasured.

And the rope-siretchers had another big problem, too. The
Nood season was followed by a long dry season, for which some
preparation hael to be made. A network of canals was needed
o irrigate the hind. Digging them created new difficulties.

It you have ever tried 1o dig a ditch, you know how hard it
1s to keep the botom level, and the sides )'“ right angles to the

bottom. But that is-importnt if the ditch is to carry water.
Water does not run uphill, and if it runs downhill it Nows mnto
one spot. A way had to be found (o level the i nnfr.mon ditches
and slmxghtcn their walls.

al
To do this. the rope- _stretchers ook two straight sticks of cqlu
'l 7
length, and spliced them together o form an angle. Then they
; ape
reinforced this (nmlg with a c"ossh‘u which made a shaj
y ring
something like our letter A. Finally they hung a weighted st
from the vertex of the Aumc

/ l
When the two sticks which for med the angle were on leve

of
around, the string hung straight down through the center ¢

. . o off-
the crosshar. If the gr ound was not level, the string hung of
To make sure that the side of a ditch was vertcal, Lhev

center.
g agamst the side. Thus—with level and

hung a wel(rhtcd stru
o eVinge
plumb line—they perfor med the all- nnpumm work of surveying

citches and canals.
43




L e

STRING, STRAMGHTEDGE, AND SHADOW

And the rope-stretchers helped with one other major problem
of community life—taxes.

Because taxes were imposed according 1o the size of a field,
a wav of measuring area had o be found. For measuring length,
there were twe-available ways. A rope could be used to measure
length: a unit of rope could be doubled by using it twice, or
halved by folding it. (A rope with evenly spaced knots was a
good measure.) Also. parts of the body could be used as units
of length—for instance, the breadih of the finger. the width of
the palm, or the span of the outstretcherd hand from up of thumb
to up of lide finger. And do vou remember that the dimensions
of Noah’s Ark are given in cubits? A cubit is the distance from
the elbow te the tip of the longest finger.

But the human body did not furnish convenient units for
measuring area. People had to describe the size of a ficld by a
morning’s work, or a day’s work for a voke of oxen. But some
farmers worked faster than others, and so did some oxen. You
can sce how disputes would arise. Even at a very early date,
man realized that exact measurement was o good wav 1o keep

" peace.

Again the idea of weaving came to the rescuce. In their woven
mats ancient men could see a design of litle squares. And they
could construct a square by making the sides of a rectangle
equal. The square became the unit for measuring area.

Naturally, solving all these problems made the rope-stretchers
imporant men in the early communities. For their part. im-
portant men were proud to be rope-streichers.

Thus i ancient Egypt, when the Nile overflow dogged the
irrigation ditches with mud and buried the boundary markers,
whole villages would go out together to clear them. The leading
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rope-stretcher of such groups was the local chiefiain who super-
vised the work. To these local chicftains the people paid their
taxes with shares of grain or flax according to the size of their
property. They also gave them a respect bordering on veneration.

Since the whole civilization depended upon water, which
nourished the fields and gave food, these early rope-stretching
chiefs were looked upon as divine givers of life. From their
number came area chiefs and finally a national leader who was

‘the start of the long line of Egvptian Pharaohs.

For the burial of their Pharaohs, the ancient Egvptians built
the great pyramid tombs that are still admired by travelers.

These pyramids are masterpieces of ancient practical geom-
etrv. Even today they are enduring monuments to the accuracy
of the string-made right triangle and the square. and the early
appreciation of sturdiness in the pyramid form.

With the right ;inglc. the pyvramid builders laid out accurate
direction lines: they accepied the divection in which a shadow
alwavs pointed at noon (checked by the position of a fixed star)
as the north=south line. By drawing a line at right angles o it
thev got an east-west line. These two were alwavs (heir bhase
lines. The sides of the pyramids’ square bases face exactly o
north, south, cast, and west. "And this precision was achicved
long. long ago! r

The world’s oldest man-made stone structure is the step-
pyramid tomb at Sakkara. It was built abour 2750 B.. Its square
base was pegged off with a knotted rope. In receding steps, it
tapered o a peak on top; it was the forerunner of the wue
pyramid form. o .

A century late the Great Pyramid was built. A wall drawing
has survived that shows us the actual start of the work. It depicts
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all the pomp and grandeur of the ceremony connected with
laying out pyramids and temples in that period. Just 213_].‘{;’)})15;
" the cornerstone of an important govermment building brings out
‘impoitant of ficials today. so marking off the ground plan of a
pyi‘gmid was a great occasion on that day almost 5000 years ago.

The place was selected. The rope-stretchers were on hand.
Amidst grear crowds, the Pharaoh and his reunuc marched to
the scene to perform the ceremony. The impressive occasion
was called the Put-ser, which means “to stretch o cord.” The
ancient picture shows the Pharaoh holding 2 golden mallet. And
the ancient inscription tells us that the Pharaoh spoke words
befitting a royal rope-stretcher: - -

“I have grasped the wooden peg; 1 hold the handle of the
mal!et; I grasp the cord with Seshaia [the goddess of the stars];
I cast my face toward the course of the rising constellation; ]
let my glance enter the constellation of the Great Bear; I estab-
lish the four corners of the temple.”

4,4 )
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6. THE STARGAZERS

Mcantime on the flat plain of the Near East, civilizam?n was
taking another course. And so was pract i(}fl .geometry,. ‘_v,llth,ths
accomplhishments of the stargazers, who divided the circle an
becume the world’s {ivst systematic astronomers. ' ‘
We can imagine how the night sky musht l?avc l()mied to the
carliest stargazers i the valley -0[ the Tagns and l:uphm'tes
Rivers. Those men of old watched the familiar star patterns

47




STRING, STRMGHTEDGE, AND SHADOW

move acioss the heavens. They watched the great drama of the
procession of the constellations as 1if it were @ gigantc circus
parade. ) .

In that starry sky. the anciemts picked out tigures of human
beings and animzls and identified them with heroes and gods.
They passed on their ideas o others, and we still call the con-
stellations by names that wice back to those umes.

And we still use direction-finding tools that derive from stru-
ments they made while stargazing thousands of yecars ago.

Early peoples of the plain—the Sumerians. the Chaldeans. the
Babylonians—needed 2a guide for their travels and wanderings
and wars across that broad flat region. They found it in the sts.

This was a necessity the ancient Egypuian: never expericnced.
Civilizations of the River Nile and the Tignis and Euphrates
had progressed i the same direction in measuring off land and
building irrigation canals. But different geographical conditions
impelled them 10 develop later on different paths.

The great Nile River was iiself 2 well-defined highway be-
aween the setdements of Upper and Lower Egypt. Its narrow
valley was protected by mountains and deserts on both sides.
For centuries this isolaed valley was free from forcign invasion.
The people were able to pursuc the arts of peace. Wall paintings
still exist. after more than 5000 vears, that show the Egvpuans
at work and play—living industrious or leisurely lives in ctficient,
Juxurious. and artistic surroundings.

But the vallev of the Tigrisand Euphrates, called Mesopo-
tamia, or “The Land Berween the Two Rivers,” extended over
broad, flat plains doued with litde aties. Nomadic tribes roamed
over these plains and made war on one another and on the

city dwellers. And the many city—kingdoms made war on cach
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other, too. Wall pictures that have come down w us from this

ancient fand show waniors, chariots, weapons. and war machines.

in addition to this endless warfare. the peoples of the plain
were {amous taders. Thev had no wood or metals. and they
needed both for their cities. So caravans of donkeys and czunel’s
and flotillas of sailbaats set out constantly o exchange goods
with neighboring and faraway Lands. All this created a problem.
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~ Mesopotamia was so extensive and so bare of landmarks that -
people had to find a way to lay out directions for their wars and
their travels across anc beyond the valley. The solution was
finally found by their Stargazers—ancient astrologers held in ©
great esteem, as were the rope-stretchers along the Nile,

The: Egyptians, we know, gave credit for their abundam Crops
to the rope-stretching surveyors who constructed and maintmined
the lite-giving irrigation_ditches. For their part, the people of
Mesopotamia believed that if messages from the sky regulated

“the seasons, they musi also regulate the doings of men. They
thought that movements of heavenly bodied controlled and fore-
cast important human events, so they gave credit 1o star gazing
priests who studied these movenicnts. ‘ .

In the Nile Valley people built tombs for their Pharaohs. In the
valley of the Tigris and Euphrates, men built temples to their
sky gods atop lofiy ziggurats (broad tiered towers) for ther
sl,;n‘gilf},ers. From these high platforms, the px'ies(—astrologers ’
were better able to watch the whole sky, and study and interpret
the star movements that directed the affairs of men.

These temples supervised the life of the commumity. In return,
the people presented a portion of their livestock an Crops o
their stargazing priests, part to be used in sacrifice to their gods

and part as taxes to be kept in the temple treasury for the sup-
port of the government.

In time, the temples became observatories. And the stargazers -
became astronotners, and solved the problem of measuring the
travels of distang stars. '

Abready these stargazers had noted the messages of time and
direction in the shadows; they had observed the changes in the
position of the rising and setting sun through the year, They had

)’.
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used the phases of the moon, is l?c'x'i<)(lic grf')wtlh ;n:]::::fy
to regulate their carly calendar. They had watc 1c~ he steacy
movement of star-groups across the \l\ and the travels of
“wandering” plancts in relation to a fixed s-lm'. , _—
But they needed an msteament to unc:lmlcvl.‘norc’;l.]e )ZO e
brilliant parade across the star-studded hc,nvc'ni.l s el )ricl‘sts
needed a mmeasure of direction for il’:lv\‘Cl on the .c.n~ h. kl !rhese
needed a mecasure for the travels of I!]C stars in [}lC .s })1' e
needs led them to find a very important secret from the -cn I:
We do not know just when or where an u.n,kr:?()\t’n stmgz‘lzc
(or stargazers) made the discovery. The idea of '[)()lil[?l]g t::;i;::‘j
ov(" an angle at two stars must have been very fl'l](.l¢11ly-'—— useles;
up a string to measure the distance hcl.wc.en L.h(:n.l \\d? '”. . ’e,
since the length changed as you ln‘ought it closer to you " eye;
But how could you mcasure an ;mglc.‘. . N
The answer lay in the division of the Cll‘(jl(f Lo SIX parts. Th:
was the carliest and easiest circular partition, and Eg[);pt.;an)s;
as well as Mesopotamians, used 1t for sky measurement. Perhaps
we can imagine how it was discovered. ... S
Possibly an old stargazer, looking hack on the games o ! l&
Chi’ldhoo(i, recalled tracing a perfect circle on "tf.lelgroun;](iis\; ;; \1
a string—and used string :111(1.51..'\4115 l.() draw a cirdle on 3
tablet. Now, -how would he divide l‘l.‘ ' ‘ ] (r,h[ .
Perhaps he was just toying with his string, or he ¢ 1olu.bw- Chii‘-
ficld of six-petaled flowers, or hp rcm_eml)er@l something
en did in a game. . i
“ t:f"t.:t'dthei‘r fZet l::%d' scuffed out a circle on l?lfi ground, ‘S(Tfnj
times one child stood on the scuft-marks and J_-]dfl tl}? sty l,no
while another child went round in a sc?éond circle _lfhl“i Ol\]:e—
lapped the first. The stargazer marked off the curve of his ¢




with a series of six ares, using the sime length ol string with

which he had drawn the circle. When he swung these arces clear
through the circle, he got the flower pattern with its six petals.
His discovery was simply that these arcs would cut the circums-
ference into exactly six equal parts.

Anyhow, by chance or by intition. he hit upon the secret

of dividing the circle into six equal parts. After that. it was an easy
matter for other stargazers to go on dividing each arc in half,
and then in half’ again. But how many times shouid thev
redivide it? The ancient Mesopotamians counted by sixes and
tens. Their earliest stargazers thonght the vear had 360 davs. So
what could be more reasonable than to continue dividing this
circle, with its 6 convenient arcs, into smaller and smaller parts—
until there were 360 tiny divisions in all! With these uny divi-

sions, the stargazers had a new convenient unit of measure:
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the ares on the circumterence of the circle woul(f, measure the
corresponding angles ar its center.

As soon as this discovery was made. measuring the star wavels
was casy The andent astronomer attached a movable pointer
to the center of a semicircle. With this device, he could {ollow
the plancts and measure off their distant travels in units of
angular measure on the semicircle.

Using the same dc‘i\?ic‘e. land directions were casy o indicate,
too. He could mark off directions an the earth from the cast—
that is. from the position of the rising sun on the day when it
rosc midway between the farthest points where it had riscn
during the vear. .

And this unknown stargazer left us a monument tnth(; division
of the circle. From that tme on, tables of measurements of the
star movements were kept in the temples.
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As far back as four S :
| ir back as four thousand years ago, these ancient astro
OMers— ) . . o ’ o ? ¢ > JASLron-
: _:__\n_th their pointers and semicireles and quarter-circles
vadranis) and sixth-cireles (e ) ‘ .
qu‘ ( nfs)};md sixth-circles (sextantsy—observed ancl recorded
clipses of the moon. B - ' vt
_ - But at that remote 4 :
| : e such observatj
o e the moon. Butat . ations
y occasional and unsystematic. Gradually it became the
custom- e I y ‘
m- o make more frequent observations until in 747 B.C

the series became continuous and a record was carefully k
What had started as astrology became. o Sri«L‘n;e \vhei‘ o
coliected the first long series of asironomical ()bscrvmi()‘nTelxz
lasted more than 300 vears, the longest unintera .)ted tabl : |
kept to this day! . \ Y e
Thr(?u_g.h these records a constant pattern could be seen i
the periodic movements of the sun. moon, and Linets, a p: ?“
".h;‘[ enabled men 1o toretell the tme of ;1. f'uu‘n'}i (t‘('l; )y' “'P‘me“’
future position of these celestial bodies. e e
-Apart from their astronomy, the Mesopotamians left us other
great monuments to their division of the arcle: the .'
rea mo! :the arch and
T'hey were pmbzlbly the carliest people to use the wheel. And
when they changed from their older sohid wheels 1o whcel; ‘ "“}(l
spokes—the divided arcle—they created light chariots for r;;:i:'

wars.

They were also probably the first people to invent the arch.

Nowhere on the broad plains could they {ind mountains to -
supply stone. or forests to supply wood. For building material
they had 1o use sun-baked brick. They had to discover a’way
o use brick as a support for a door o gateway.

Again their knowledge of the cirdle came 10 the rescue. They
found that if they placed bricks in the form of a half-circle with
a wedge-shaped. brick in the center, the wedge-shaped brick
(keystone) worked as a force against the supporting bricks. Such
an arch had the strength to hold the weight of a wall. By mter-
locking arches, they fashioned a dome. The arch and the dome®
are still characteristic of the architecture of the Near East.

These circular forms—the arch and the dome—foliowed the
trade routés from Babvlon all around the Mediterranean. In tme
they became the basis of the domes. bridges, and aqueducts of
the Roman Empire centuries laier. Of course we use them in

our constructions today. o
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So the mementos of the division of the circle, thousands of

years ago. stith guide our daily life. For many centuries, ships on
_ the high seas—ancient sailing ships, modern streamers—continued
10- use these déjpcn(vlng}'c-signs. the stars. Old, but not old-fash-
Cioned. the stars are ahe same ever-present guideposts that
directed nomads across-the trackless deserts. '
Today. pifots in the air'or on the sea are giving up star navi-
gation for the latest radio devices. Yet the very instruments by
which they plot their courses still reflect the division of the cirde

by the Mesopotamiaiv stargazers: the compass, divided into 360

—north at 0", east at 90", south at 190", and west ar 270" —.

enables a navigator 1o mark of T in degrees an accurite flight plan.

Likewise. the instruments with which we measure distancer

on the earth recall the ancient achievement. Glohal lines of

longitude and latitude, spaced tivough 3607, cnable us o place
a posil.ion on the carth by means ol their graph-patern. And our
madlern survevors used a protractor arvanged on a wansit, so that
- they can measure distance. direction. and height by a milleniial

methaodl.

chn i

In the Ancient Near East

Even our cock is based on the division of the cucle. Look at
its circular face divided inta 12 hours, cach hour into 60 minutes,
and (if there's a sccond hand) cach minute mto 60 sceconds.

In these ways and many others, we stifl use the great accom-
plishments of Babvlonian astronomers after thousands of ycars.
They help take us back in our imagination to that unknown siar-
gazer of long ago—who first divided the cirde and made paossible
the charting of land and skv. the map-making and astronomy,
that were the crowning achievements of ancient Near Eastern

- geometry.
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HE IONIAN GREEKS

Geometry and Thought

7. THE 6GTH CENTURY B.C.

At the stut of the 6t century ..¢., the Mediterranean world
was changing. The center of civilization was about to shift to
Greece, or Hellis as it was then called. Geometry, too, was about
o undergo a radical ch;mgc—l'mm a purely uscful art to a new
kind of abstract 111inking.

The ancient peoples of the river valleys, the Nile and the Tigris
and Euphrates, had done marvelous things with practical geom-
etry. They had used it to lay off their fields and irrigation canals,
to construct heautiful buildings and gigantic pyramids, to meas-
ure the tavels of the stars, o find directions on land and sea.

But by now. both Egvpt and Mesopotamia had _pziésﬂed their
zenith. Their creauve time was over, though they were enjoving
a final blazc of splendor. ‘

The Egvptians had developed a sumptaous civilization in their
fertile vallev. hot and low-lving. with the slow river flowing
through it and the limidess desert bevond. Now, under Psamuk
[1. the land was more prosperous than it had been for almost ten
centurics. But Psamtik was a collector of art and anuquities, and
his Egypt was hardly more than a muscum of past glories.

Mesopotamian culture. too, had flourished between the “two
rivers” and across the vast, warm plans. Durig the reign of
Ashurbanipal. most famous of the .—\:‘s_.\‘_\'ri;m kings, Nineveh had
become the largest and most magnificent city in the world. Yet
its huge librarv had also been a collection of learning from the
past. And now Nineveh was utterhv destroved, and. Nebuchad-
nezzar was beautifving his great capital city of Babylon. Here
he built the famous Hanging Gardens, like a verdant mountain
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on the flat Babylonan plain, to please his wilc, who wits home-
sick for the Median hills._ And he encouraged the compilation
of star records in the temples. But Babvlon's days of power were
numbered,

Whnle these ancient centers were basking in revived glory.
something fresh and new was stirring farther west.

The Hellenes, a people who streamed down from the chill
forests and mountains o the north. had established their cities
on the rocky Greek penmsula. From its chitfs they faced the open
sea, and looked out at the snow-capped isles of the dark bluce
Aegear. It was a craggy Tand of stubborn soil, where strong men
had 0 work hard to get their food. Soon they were overflowing
from Greece proper, taking to their ships and colonizing the
islands and the shores of the Mediierrancan imd the Black Sea.

So the 6tl century B.C. was an age of expansion. trade. travel,
exploriation, and the mixing of the old cultures wiih the newly
awakened one.

During this century of changes the spotlight of ancient history
was starting to swing west. For the next 3co vears. the main-
" spring of dvilization would be Greece in her creative age. The
Greeks were to introduce a new clement into culture: reason.
Their love of reason would transform art and architectare, phi-
losophy, literature, science, and, in the first place. mathematics.

We have seen what the old Near Eastern civilizations accom-
plished in practical geometry with the help of the civcle and the
right angle, and iow thoy vend the sun's messages in the shadows.
Now we shall see that theoretical geometry was established by
Greeks on these same elements. fis foundatons were set firmly.
by means of the observation ef shadows. on the circle. the night
angle, the right triangle. and the relationships within and
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between these forms The clements were the same, but the
approach was enurely differen.

This new approach began in the Greek colony of toni in Asia
Minor, where the brilliant city of” Milctus was a crossroac be-
tween the Fast and the West.

The great harbor of Milews faced west, and welcomed the
sailing flocts of Greek and Phocnican merchants. Her rich market

was a trading place for the overfand caravans of the East, of

Persia and Babylon and Egypt. Milesian sailors and merchants
traveled to all parts of the known world and came home with
strange tales and strange knowledge. And i thetr teeming city,
ciffevent races and traditions mixed cverv day. [t was natwural
that the men of Miletus and the nearby islands should wade not
only merchandise but ideas.

These Tonian Greeks were keen and imaginative. Tliev asked
questions about evervthing, and began 1o collect old answers
and {rame new ones. Their lively lonian temperament. their
crossroads location, the times they lived in. and the ngw Greek
spirit—all combined 0 produce a stmulaing intellectual environ-
ment. Here, in the 6th cenuny s, there flourished a remark-
able group of individuals. Among them were great poets, and
Aesop of “fable” fame. But most fascinatung were Lhmc whom
we would call the would's first scientists.

The Greeks had a diffevent name for them. They were the

fonian “philosophicrs.” Philesophiy meant “the love of knowledge,”
and the term futed them well.

These carly philosophers made discoveries in aswonomy,
physics, mathematics. geography. Perhaps the earhiest was
Thales. who studied magnets-and wmcasurements. -Later came

Anaximander. who wrote the fust treause on natural history and -
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male the first map of the world. On the isle of Samos lived

Pythagoras, who was credited with mvenung mulktiplication -

ml)lgs (though probably he didn” t). But it wasn’t only discoveries
red about. -They asked searching questions about the
universe. What was the prime substance in everything: was it
water or .m was it mind, was it the boundless unknown?

Most i nnpml.m( eball. they started . a new kind of thkmq—

rational thought: thought basecd on careful reasoning. The Egyp-
tians and B; thvlonians had discovered new ways of doing things.
The Greeks found new wiays of r/unlan«r about then. They ob-
served mature, put thew observations iy orcer, tried o find
abstract rules. . .

~ The first to do this wis Thales, whom we have just named as
the first lonian philosopher. He is important in our story for
another reason. According 1o tradition, Thales of Miletus was
the founder of geomerry,

S. THALES AT HOME AND ABROAD

Thales, the “father of geometry,” was a sort of Greek Benjamin
l-r;mkl-m. The known facts of his life are few. He \\de m_er-
chant. He traveled extensively to the older centers of civilizaton
and learned much on his travels. He said “the magnet has a soul

i he i i had studied lodestones.
because it moves the iron,” showing he had studied

And he.is believed to have been the first to experiment with .
electricity, the statdc kind in a piece of rubber amber.
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But Thedes was also a prcturesque character and inspired some
of the choieest of Aesop’s “Fables.” Many stories of his accom-
phishments were told hv later writers, some serious and some
quite fanaful. True or not. these rales teach us much about
Thales® way of thought. He was forever asking “Whyv?” and
working eur his answer from what he saw. and standing ready
to prove ik Even the anccdotes about his business ventures show
this, especially the amusing tale of Thales and the oil presses.

Onc afternoon as Thales and his friends were discussing
monev—coms had _jus[—xfecemly been invented—Thales made
the remark. “Anybody can make monev if he puts his mind to ir.”

His friends immediately said, “Prove i.”

Thales was in an awkward spot and he had to think and think.
He said o himself, “What item is useful 10 evervbodyvz" His
answer was, “Oil.”

In 600 B.C. oil didn’t mean petrolecum. but olive oil. Olive oil
was used for soap. It provided fuel for Lunps. It was used for
cooking. And it was prized as a skin-sofiener.

. Thales decided to study oil from the tree 1o the oil press. Dur-
ing this investigation. the first stumbling block he found was
the fact that for several seasons the trees had not been produc-
ing olives. Why? Thales thought next about weather conditions.
In fact he had to do research on the weather of past seasons—
the Kind favorable to the ripening of the olive, the kind un-
~ favorable.

After that. he also_had o ry 10 discover a patern i the
weather conditions, so that he could sec what to expect in the
future. From his diligent work in laving out the pattern from
the past, he calculated that faverable weather condiitons were

due the next season.
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Now he made a tour among the discouraged olive growers,
and bought up all their olive presses. Of course they were de-
lighted 1o sell them because the presses had been uscless for
several scasons. Besides, in the past, a grower without a press
could alwavs borrow anc from a neighbor if the need arose.

But when the big crop came the following year, there were
no.presses 10 borrow and none to buy either—Thales had bought
them all. So Thales cornered the oil market and made a forwunc.

Some say he gave the presses back-afterwards, because he didn’t

have time o go into the oil businesss.

Anyhow, the anccdote shows how his mind worked. He was
a great observer. He would study the pattern of repeated occur-
rences and then prophesy the natural path.

Another famous story, wold by Aesop, illustrates the same
mental traits. 1t shows that Thales was not above trying o {ol-
low the reasoning a linde donkey.

Thales had inerited a salt mine. The salt was transporied
from the mines by donkeys. They were weighted down with bags
of salt at the deposits, and then had o carry them to the narket.
This donkey tain had a long journey in the hot sun.

As they crossed a stream cn route, one litde donkey was so
warm and tatigued that he just collapsed in the cool water and

rolled over. .-\ﬂcrw;u;d he not only felt refreshed for the vest of

the trip. but realized that a great weight had been removed from
his back. O n every rip thercatier, he repeated this same stuat.

His master Thales was surprised at the beast’s fresh appear-
ance, disappointed in his scant cargo, and very puzzled as o
how it had been dissolved. For a while the donkey outsmavted

~ Thales, but in the long run Thales paid- him back by using some

simple deducive reasoning. Thales asked himself, “What sot
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ol thing refreshes c
g refreshes the donkey and dissolves the salt? ... A cool
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i > the water and Fatigue the donkev? .
n the next trip Thales Hlled the saddle bag

stead-of salt. and (he litele

stream.... Is thére 3 stream

will absorb the wate >
--Sponges!” So

1gs with sponges in-
oo i and | donkey’s happy habit was broken.
& busimess man i lonia, Thales was areacly usi
ady using

type of thinkin
) .PC of rhmkmg. But two other mterests led him e
science ol geometry: his tr- |

a new
% stablish the
i avels in the Near Fas ]

et s ear East, 'nn(l his study
Astory s told about how he

ok up hoth.
As he was w

» alking i his gavden (me‘xlligrht enr.
.t -~ o ) '

h m_. ing splendor of the stirs, suddenlv the
of the night was broken by the .
gurgle. Thales had stepped. m

aptured by
silent stillness
'\sound ot a great splash and a
ajestcally into a welll

the Sp

The Ionian Greeks

Fishing him out, his servant remarked with a chuckle, "Master,
while you arc trying to pry into the mysteries of the sky, you
overlook the common objects under vour feet.” o

Nobody itkes o be damp and Laugined at in the days that
followed, Thales decided to look at the hot dry carth beneath
his feet. He would studv tht shadow patterns that lay there,
speaking so eloquently of the sun’s messages upon the carth!
And he would see 1Bore of the carth itself, by traxcling to the
ancient countries of Mesopotamia and Egypt. (From what we
know of Thales, we can guess that he probably decded to en-
gage in some shipping and foreign trade on the side.)

The first stop on his journey was Babvlon, a glamorous city
with a long history and a large library of cunciform tablets. There
he was fascinated by the impressive records of the stargazers.
He staycd for quite a while—poring over the charis, studying
the methods of sky measurement, learning the use of the circle
and its divisions for measuring angles and divections.

Then he crossed over into Egypt. In that fand he mastered the
construction of engineering works. He studied the érmgation ca-
nals, the well-laid-out fields. the wall decorations shewing the his-
tory of Egypt in pictures. the designs in Egyptian decorations.

He was absorbing all the old practical gcomeury of Egypt
and Mesopotamia. This was typically Greek. In those tmes,
Greece herself” was busily learning from the older awilizations.

And he brought to his travels another trait that was typical
of the Greeks and the future civilization they were bulding. He
had a new kind of inquiring mind. '

Evervwhere he went. Thales studied the shadows traced on

these {lat ancient lands by ziggurats, obelisks, buldmgs, and

o peerplesde. saw these~HAAOWs as=incn-had never scen them



betore. We might say he had iy N-ray eve. because he developed

~ the habit of “sceing through™ the obvious o find new meanings—
ol looking into and beyond visible externals to discover an
abstract form and relation.

Here was a remarkable wraveler, a Greek Benjamin Franklin
mdeed! If we can believe the tales of Thales at home and
abroad. he took with him his fresh lonian insight, even as he
absorbed the old praciicil fore ol isie Dabyloniane apd Fovn.
tans. Out of this combination was 4o come the new theoretical
geometry.
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9. HOW HIGH IS THE PYRAMID?

(n the Land of the Nile—so the legend goes— Thales amazed
and frightened his guides by telling them. as il by magic, the
exact height of the Great Pyramid. v

The story is worth reviewing in some detail. It shows us
Thales’ new gcmnetry in action, and enables us 0 cmnp;\'rc it

“with the old Egvptian kind.

Naturally, Thales’ visit to Egypt was not complete without a
sightsecing trip to the desert at Giza, to sce the threc pyramids
and the Sphinx half-buried in the sand nearby. In 6Goo n.. the
pyraniids were about 2000 years old.

Thales engaged guides and took a Greek friend along. When
thev reached those mighty monuments, the guides seemed proud
to boast that the Egyptian pyramids had been standing when
the ancestors of the Greeks were “long-haired barbarians.”

Thales stood for a time admiring the most gigantic of the
tombs: The Great Pyramid of Cheops, which covers more than
nweelve acres! He looked up the great slope. vising o a peak
against the cloudless Egyptian sky, and noticed how the bril-
liant sunlight hit directly against one face and drew a pointed
shadow over the desert sands. Then he asked his celebrated
question.

“How high is this pyramid?”

The guides were dumfounded and got into a lenthy. discus-
sion. No sightseer had ever asked them that beforve. Visitors
were always content with the dimensions of the pyramid’s square
base—2352 paces along each side. Sometimes the Greek tourists
didn’t believe thit, and had to pace it off .for themscelves. But
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this one wanted o know ethine ‘
_ : now somethine : el y
ke the el ‘ ng more: the height. Nobody
\ c1ght of the Great Pvramid. Perhaps, lone aco the
builders had known. But by the p . ome.
forgouen. *cour. '
1 8 ;tcln. And, of course, you couldn’t measure it A rope
dragged ; ‘ay "
} : t;ige( ﬂ: the way up 1o the op (and who was going 1o risk
tat?) would just opve ing e
) teou Just give the lgn-gth of the sloping
couldn’t think of any way 1o find out the

resent dynasty, evervone had

sicle. They
. height, short of bori
' ‘ 8 of boring ]
@ hole fr ; ’ ' i . . ‘K
le h«m.) the 1op of the pyramid down 1o its base. But tha |
wWas impossible. ‘
\. kI P ey e, N .
’:\?nlc the argument went on, Thales and his viend had been
waikmg around guicty, stavine clos id's s '
g jwietly, staying close to the pyramid’s shadow
N [ PS ] '
Suddenly the Greeks hallooed.
1?',’1)(1 my quesnon!” calledt Thales, as the guides ap-
proached. I know the answer. The Great Pyramid at Giza rises
to a height of 160 paces!” I S

where it was cool.
“Never

Terrific 1¢ vuides '
¢ Ifl(.(l.‘ the guides ﬂung themselves on their faces belore
s, Tullv convine i ‘
1 - 3N 703 ¢ - 1 ’
 ull ced that he was a magician,

l ) l)( ur l hdl A [l(l oL get lh( AnNswey l) MAavc. ' l [13))] l
N . ¢
( 5 vV 1 S5 ¢ s l)\

measure ‘o sh; S
asurcd two shadows on the sand, and then used an abstract
Kind of geometry.

I'o show vou Just

e from his new

o what his method was—and the way he
.)]. ) : . . B TS M . Yy » . i
probably worked it out. and how different it was from the
pyramd builders—uwe shall g0 back
a premliminary scene. '

old

geometry of the I imagi
and imagine
o

Vhen Thales

\\-.}‘]U. Thales reached Egypt 1o spend the winter as tourist
nn‘d student and merchant traveler, he must have had many
things to do. Perhaps ihere was business to transact on ‘xl )
L:]'()\\’(lC(I streets and wharves. O f course he wanted o sce ll::
_f;mmus monuments, the colossal statues and pryamid -mmh; ‘
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Bixt first of all he went to the Temple of Thoth, where the priests
were said 1o have grea learning. They proved hospitable, and
he spent many days in the cool tempie interior, studying the old
Egyptian methods.

Now his studlics were over. and he was going 10 start sight-
seeing.

[t was 2 warm sunny afternoon, and he was situng outside
the temple, wailing to bid farcwell to the high priest Thothmes,

a most important man. The attendant would take quite a while
to fetch him.

As he waited. Thales studied the scene and thought about
the accomplishments of Egvptan geometry. In the great empty
space before the temple stood a high gilded obelisk, making
a fine “shadow pole,” or sundial, in the afternoon sunlight. A
few white-clad priests and worshipers were standing about,
their shadows verv distinet. too. Off 10 one side was the vast
temple, perfecdy Taid out so.that its sides would face the four
points of the compass. And through its colonnade he could just
glimpse a great wall painting. a master picce of Egypuan pro-
poruon. _ ' .

Proportion...Ie van, he kuew, like a golden thread all through
the work of the ancients. Proportion was used by the Chaldean
astronomers in the angles of their sextaiys, and the correspond-
ing arcs of the avels of distant stars. Proportion was used by
Egvptian architects. in designing thew buildings and evecting
the actual structures. But it was best shown in the vast wall
paintings with which the Egvptians decorated their temples and
tombs. Those vivid scenes were all painted by artists using an
inuate fecling for propottion. -

He had seen them at work. The Egyptian artist had a very
71




sinple mes of vansferring his small skeich 1o the huge wall.

First he covered his skewch all over with small squeu es. some-
thing like modern graph paper. Then he made squares all over
the wall, onlyv Targe ones this ume. Finally he studied where the
lines of his sketch crossed the small squares. and then copied
these lines in the same relative position over the large squares.

That was intuitive proportion and most pracucal, the Egyp-

tans at their best....

But as Thales sat there, watching the shadows lengthen out-
side the temple. hie saw something entirely difierent: abstract
_l)l‘()n{)l‘liun

2
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Where others saw only the men and the stuctures, and their
shadows in the hot sunlight, Thales saw abstract right triongles
as well! All these triangles were macde the same way: an upright
object, a pointed obelisk or white-clad Egyptian: a slanting sun
ray that hit the wp of the object; and the flat shadow that it
cast on the ground.

But Thales saw far more than that. He saw the motion of the
Iengthening shadows. Surely others had seen it too, as they sat
waiting, but he saw it with an “X-ray eye.”

For as Thales watched, he noticed something truly remarkable.
All the shadowes changed together, in length and direction. At
first, they were all half as long as the objects that cast them.
Later. thev were all the same length as the objects. Later still.
the shadows were all twice as long as the height of the objects.

Probably manyv men had observed something like that, over
the centuries. But the [onian traveler wied to find a constant
pattern. He had o prove it was always so, and to find out why.

And he did! -

Thales noticed that all the abstract right triangles changed
together, too—not the whole wiangles. The right angle and the
height of the object that made its upright or vertical side—these
did not change. But the rest of the triangle changed as the sun

scemed to change its piisiton m the sky. The sun was so far awav

that its ravs hit the tops of all the objects; and the tips of all
the shadows. at the same slant. So, as the sun was higher or
lower, the other two angles had to change in all the wriangles.
And as the angles changed. the other two sides had to change
wo—the length of the shadow (the flat or horizontal base of the
triangle). and.-the length of the sun’s ray from top to tp (the
slanting third side). So at cach momeng, all the sun-made right

s >
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titangles were exacty thie same siape—not the same size, but
the same shape: the right angles and heights of the objects re-

mained unchanged. but the other two sides and other two angles

»dmnch as the sun scemed o move across the sky.

Now Thales knew his eves hadu't deceived him. The shadow
/(:ng!hs would always (‘/l(m_gc together in the same way, while
the heights of the objects must of course stay unchanged. He
had his secret for measuring the height of the pyramid.

Before you hear exactly how Thales ;lccomplis‘hed that feat,
you may want to try out his secret for vourself.

You can watch these same shadow changes on vour own
playground or ball ficld by comparing the right triangles
formed by the fagpole. the haskethall backboard. and your
ow n height.

Start, say, in mid-afternoon when vour shadow is as long as
vou are tall. At that same time. the flagpole’s shadow will he
as long as the fagpole is high. And the shadow of the basket-
ball backboard will also be equal to its height. So you can pace
olf the shadows of the tlagpole and the baskethall backboard
to find their heights, without bothering to chimb up with a mcas-
uring tape. '

Of course, you can start carlier in the afternoon. at a time
when vour shadow is ahout half of vour height. Then you could
pace off the other two shadows, double their length, and so find
the height of the other objects.

-Or you mught wait tll Lwer in the dav, when your shadow is
twice as fong as vour height. To be sure. the other shadows would
also be twice the height of their objects. So vou could pace oft
the other two shadows. and take half of the distance—and that
would give you the height of the fagpole or the backboard.
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That’s alf there 1s 1o 1t, except for one thing more. The shacdows
won't necessarily be in these obvious fengths—as long, half as
long. twice as long. You'll need a simple formula to use with
a shadow of anv lengih.

Getting 3t is casy. The “secret.” vou already know, is simply
a proportion. As Thales did. vou will always find that at any
moment there is a constant relation between one object’s height
and 1ts shadow, and the next object’s height and its shadow. In
this case, you are using the equal ratos between the height of
an object and its shadow. and your height and vour shadow.

Just put 1t hke this:

HelcHT GF ORJECT (HOo) 1S TO SHADOW OF OBJECT (So) as Your
Heivht (Hy) is to Your Shadow (Sv)
You can write this as equal rauvos, Ho:SouHviSy, or as an

equation of fractions, Ho _ Hy.
. So Sy

Then simply clear the first fraction (muliiply both sides of the

a 1 r g . . s . N | 3 P
equation by 50), and you get  So X Ho_ So X .i\ Since

So S

So = 1, then Ho = So X Hy.
So Sy

HEIGHT OF OBJECT = SHADOW OF opjrcT X Your Height
Your Shadow

Now that you know the secret for vourself, vou will want w
see (in vour imagination) exactly how Thales measured the height
of the pyramid. '

When he asked his famous question, the guides, vou remem-
ber. began o talk and argue. Meantime Thales. who already
76
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knew the distance along each side of the pyramid’s base, 252
paces, was busy pacing ol the length of the pyramid’s shadow.
It measured 114 paces. Thales knew his own height, 2 paces
(6 feer). So, just as he finished his pacing, his friend mcasured his
shadow for him: it was 3 paces. Now Thales had all the necessary

dimensions; three items of the proportion would give him the
missing fourth one, the height of the pyramid. ‘
So he made his calculation as.shown in the illustration.

IMAGINARY VERTICAL
LINE AT CENTER. OF
PYRAMID

S,
114
120 PACES PACES
Y
240 PALLS

“ g e

[ — S .

S R r—
" mmv - e
s -
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Do you see what Thales did? He used an abstract right triangle!
He pictured the height of the Great Pyramid as an imaginary
post: from its top straight down to its base. Such an imaginary
p()"at‘ys ould cast an imaginmy shadoe: all the way from where

it stood at the center of the pyramid clear out to.-the tip of the
pyramid’s veal shadow: so the length of this imaginary shadow
would be one-half the length of the base plus the actual project-
ing shadow! Therefore:

Height of Pyramid (lmnginm'y Post) =

SHADOW OF IMAGINARY pdsT X Thales’ Height
- Thales™ Shadow

HEIGHT OF PYRAMID =
(1/5 its Base + its Shadow) X Thales’ Height
Thales’ Shacdow

Hp.= 2 paces .
3 paces

(126 p;lcés + 114 paces) X

Hp = 240 X 373 = 160 paces!

Of course, the guides prompuly spread the news of Thales'
magical solution to this scemingly impossible problem. When
the priests of Thoth verified that 160 paces was indeed the
height of the Great Pyramid, according to the old recors, pop-
ular astonishment knew no boundls.

The tale traveled far and :wide, so far and wide that it has
come down to us after 2500 years. And the story has even more
meaning today.

For the Great Pyramid was sturdy monument to ancient
practical geometry. But Thales’ sh;ldow-rcck()ning of its height
was an even more stalwart monument in the development of
1'0;\5()_1}@‘@& ti ' )

TR
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10. THE RULES OF THE GAME

= . L peenpop - l
“thinkine. Thales was the tirst to abstract anc
“new” thinking, Thales was the

With s . et 48
“the rules of geometry. By his method, he was

formulue {
iberatng men’s minds. .
llb::{)l::‘?\':-;lclnis fetlow Greeks realized this can-be SCL.‘I'I Ll;nlillc:'
most Fanous of all the stortes about Th’g}‘l_csw. [t concerns a sens:
tonal cvent thiat occurred Lhc' midst of .:1 lmt.[lf.' —_—
In 585 n... the Medes and L}'(h;ms were in the s(n:t .k)m«g\" e
stubborn war. Suddenly broad davlight wrned to darkness:

- “their wits by the fearful ¢loom,
n oave no light. Ternilied out of their wits by the fearful g _
SU Qe o

in er : | ately
i el ki ach other and immeduaely
the warring hosts stopped killing cac

oncluded 2 peace.
concluded a pead . ‘ I
 History savs that this was an cclipse of the sun. Lege say
[ Y Savs Lhe A
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that Thales had forecast it accurately. through the paitern in the”

records he had studied in Babylon.

Scholars have doubted that Thales predicied the eclipse, but
recent stxhies suggest he used an early imperfect method known
1o Assyrian court astonomers. Either way. the point of the story
is the sume. The Greeks belicced Thales had made the predic-
tion, in other words that snch a prediction was possible. Thales’
style of reasoning had taught them to look for an orderly pat-
tern in natwure, instead of imagiuing foolishiy that an eclipse

came about when Apollo, the sun god, hid his face in dis-

pleasure.

So great, indeed. was Thales” fame that he was ranked as the
first of the fabled Seven Wise Men of Greece. He was supposed
to have orginated the motto “Know vourselt!”™ But “Think for
yourself!” sounds more like Thales.

He taught men to do just that, with his new abstract rules.
Betore him, geometry had consisted of 1solated observations,
wavs grasped from wial and ervor, for handling and calculating
matenial things. Thales showed the need of a careful demonsira-
tion. basedt on a logical scquence of geometric concepts ab-
stracted from material things.

To cexplain how he did this. we shall show Thales actually
teaching. There is no evidence that he dich. But tradition gives
him at least two famous pupils, and he was not a solitary thinker
but a busy man of aftairs. So he vinght have expounded his new
concepts in some such scenes as these. |

When Thales retwrned From abroad. he probably brought
mteresting and even expensive curtos tor his friends, perhaps
Mesopotamian seals and amulerss Egvptian jewelry and glass.
But the most valuable conmribution he brought back o his

8o
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homeland was the wealth of new ideas in his head, the string
in his pocket, and the memory of shadows on the sand.

Picture the amusement when his friends would gather around
him to hear about his tavels, and Thales would take out a picce
of string and begin 1o draw circles on the ground. But not every-
one laughed. Some (riends were fascinated as he made more
circles, and showed how the Babyvlonians divided them. Or he
would knot the string. 1o show how the Egyptians made a right
wiangle and squared off their rectangular fields. Or he would
reveal his new thoughts about the sun-made right wiangles—
the abstract ones made by the bright ray, the object, and the
shadow. '

Soon—we may imagine—a small group assembled from time
to time, Thales tcaching and expounding, and his frieads gradu-
ally joining i the discussion. ‘

The met in an open-air place, with white sand on the gmund
and poles of diflerent heights to cast different length shadows.
Thales wouid draw crcles and wiangles and straight lines on
the sand, with a string and suuightedge. tell in which country he
had studied these forms, and explain his new ideas about them.
The others would sit and stand and pace in the sun, They would
study the diagrams. watch the-shadows, swing lhc string, ask
questions, and arguf’

It was like and exating new game: the game of sting, suaight-
edge, and shadows.

Every game has its rules. So the eager players would go
into huddles 10 discuss the rules and reasous, and to rcach
agrecments. These rudes. Thales showed them, had 0 bc reached
through careful step-by-step reasoning. based on agr cements andl
defimtions.
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We can hardly realize how thritling this new intellectual var

must have been to its participants. For the first time in 'l)'i‘ "-].C
m_"n were doing sustuned abstract thinking about the cipics
ofdine and form. The Bnhylnni;n‘us";n‘u[m E |
! right angles. levels, divided circles, ceometric desions
[hales and his friends were thinkine about \thcm—(hink' . '5.
the abstract, as he had when he méasurc e

principles
gvptians had used

d the pyramid,

The Ionian Greeks

Thales explained the Babylonian division of the cirde into 360
degrees and showed how the same mesurements applied to angles.
Mostly they could sce these things for themselves, with just a few

definitions and rules:

A cirtle is « chosed curve on which every point is
cqually distnt from a point within called the
center, Such a closed curve is called the circum-
(erence. and the radius of the circle is the distance

from the center o the circumférence.

A diameter of the circle is a staight fine passing
through the center and dividing the draumtevence

into (wo cqual parts, cach of 180 degrees.

Ry using o picee of siring longer than the radius
and swinging cqual. ntersecting arcs from cach
end of the diumeter. another line called a perpen-

diculir can be dimnen throught the center o divide

the circle into foar aqual parts—each of go degrees.

Ares marked off at successive points on the cir-
cumierence, with string the same lengh as the
radius. divide the circle into sixequitl piarts=—

cach of 60 degrees.
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STRING, STRAKGHTEDGE, AN SHADOW

The study of the Egyptian level revea

led that the string hahging
trom the vertex of the triangle is per
e s |

pendicular to the base and divides
ht tangles of exactly the same size. Then
it became clear that any uiangle which has two equal sides must have
equal base angles. Such a tiangle is called isosceles, which in Greek
means “equal legs.”

the triangle into two rig

Rule: In an isosceles triangle. the two base

86

angles are cqual
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- o equal
i ' r the circle into six equ
a Lamilian pattern, found by dividing

Fom 1 -ee sides in each
ation emerged. All three sides

. ‘. < f [hC racligs, a ]d (‘n thCL
10 ¢ N
{ < 'l 0SS ATC (‘(]ll ll o lllC Ct gt,
)[ ll\C t l(“”ﬂ CS AlIC l 1 l ( l 1 >

2 . SITCOS.
angles are cqual w 6o degree
«

(l-si i +. cach interior andle is 60
Rule: In an équi[(!lcml (equal-sided) triangle. cach m!lcm g
s interior § IS Carees.
dearees and the sum of the three interior angles is 180 deg
Kol " £
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STRING, STRAICHTEDGE, AND SHADOW

Since two lines perpendicular to each other form four equal angles
of go degrees. it was easy to see that, when any two suaight lines cross,
the two paris of opposite angles are equal.

A diagonal line euts two parallel lines at the same angle, thus form-
ing two pairs of equal angles smaller than 9o degrees. and two pairs

ol cqual angles larger than go degrees.

P Xorarrorts

#5241 g3

Rule: The alternate interior angles formed by a diazenel cutting tico
parallel lines are equal.

38

By construcung a line parallel 1o the base of any wiangle,” saud
Thales, “we can see that dhe sum.of the angles in any wiangle is equal
to 18o degrees. ..

and that in any night wriangle. since the right angle is go degvees, the

sum of the other wo angles s go degrees.”

89
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SrklN(.. STRAIGHTEDGE, AND SH ADOW

Finally, Thales showed his fnends how to combine these rules to
_;m.nke an nnpormm discovery about semicircles. He pointed out that
Ttwo s straight lines drawn from any point on a semicircle 1o the ends
“of the diameter form an enclosed angle of go degrees. C;

an you see
how he might have done it? ‘

- - -

.A radius drawn to the point on the semicircle divides the inscribed
triangle into two isosceles’ triangles. since each has two equal
sides. We know that each isosceles triangle ‘has equal base
angles. And as the inscribed angle is cqual to the sum of the
base angles, two times this sum must be equal to 180 degrees.
Then the inscribed angle is one-half of lé\o or go degrees.

Rule: ale inseri S )
! Any angle inscribed in a semicirele is o right angle,

0C
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[n spite of his interest in abstracting rules, Thales was always
a practical man, who knew how to apply a rule once he had got
hold of it: (Remember the story of the oil presses!) After he had
formulated his rules about uiangles, he used them w measure the
distances of ships out at sea, which was quite valuable for mer-
chants. The achievement was typical of a Milesian.

For he and his Ionian contemporaries were not only philos-
ophers, but mventors or reinventors as well. There was Theo-
dorus, who perfected the Egyptian level into the Greek “dia-
betes”; and Anaximander, who used the “shadow-pole” for as-
tronomical measurements. That was as much a part of lonian

thought as speculation on the basic substance of the universe.

And Thales was the first o excel in” each branch of lonian
natural philosophy. '
So this practical merchant was a true pioneer of rational think-

ing, in his view of nature and especially his work on geometry. .-
[t was he who formulated the very carliest rules for the new o

game of string, su‘uOhtcdvc, and shadows. As the first man in

any land 1o feel the need of such rules, he made geometry ab--
stract. And by building rule upon rule, he started its great:
methad of deductive reasoning. which would be <.0mmued by. ..

later geometers.
For the Wise Man of Miletus pmul ou his rules to others

who were not at all practical
would develop them into the foundations of Greek theoretical

geometry!

ot

to a .xu;ange secret SOC‘lCt)’ that
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THE SECRET
BROTHERHOOD

11. PYTHAGORAS AND HIS FOLLOWERS

The carly story of Greek geometry is strangely dit{erent from
its founding in Milewus. Most of what we know is a mixture of

myth and magic, shapes and rules, all revolving around the

fabulous figure of Pythagoras.
The “divine” Pvithagoras—that was what he was called, not

'only after his death but even in his own lifetine. For the latter

part of the 6th century B.C. was still a time of superstition. The
lonian “physiologists” had onlv tried to {ind an orderly pattern
in nature. Most inen contunued to helieve that gods and spirits
moved in the trees and the wind and the lighiing. And culis
were papular all over the Greek world—"mvsteries,” they were
called—that promised to bring their niembers close to the gods
in sccret rites. Some were even headed by scers. | A

Pythagoras was one of these. A native of the island of Samos.,
not far from Milcws, he probably had a Phoenician mother
and a Greek father. who was a sionecuiter. But he gained such
a reputatdon for wisdom and magical arts that people began to
whisper that he was son of the god Apollo.

Actually, Pythagoras was Thales’ contemporary, for a time
at lcast. He was born about twenty years before Thales died.
so his career spanned a later period. Parts of that career are a
matter of history. The political situation in Samos became op-
pressive: a local tyrant, Polverates, ruled harshly, and the neigh-
boring Persian Empire demanded heavy tribute. So Pythagoras
cnugrated. as did many other refugees. He settled in Croton,
a litde island off the dp of Ialy. There he founded a famous
sccret society that conuibmcd a great deal w0 the development

93
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of geometry. We might call it the world’s first mathematjcs club,

Butmuch of Pythagoras life is emmeshed in legends—not just
amusing anecdotes. as with Thales. but wildly Fanciful tales.
Andtar tdo many discoveries are attributed o him. So we must
pick and ¢hoose our way among faces and fables. in telling the
story of Pyvthagoras and his followers. :

To bcgn!r with, Pvthagoras went on wheve Thales left off Let
us therefore accept the radition thar he was the older man’s
student.

l’érhnps rumors of Thales' exciing new game of string,
str';ligllte(fge, and shadows had spread }ghroughout lonia, and

- people enne from the neighboring cities anc islands to take part.
Anyway, one visiior in particular was atracted to Miletus, to
learn this new way ol thinking and tinding rules and tracing
forms upon the ground—the youthtul Pythagoras.

The ngin:g Thales must have been pleased with the y'(,)ung
marrs keen interest: such penetrating questions showed a req|
thirst for knowledge. Thales taught Pyvthagoras all that he knew.,
Then he encouraged him to travel for himself in the ancient
lands and stucy the development of learning at its source.

Pyvthagoras followed the advice. and his travels were even
more cxtensive than Thales’ hadl been. Fired with enthustasm
by the stories of Babylon, he visited that tabulous city to absorb
the lcnrning of the Chaldean stargazers. N;n.urally, also, he
wanted to see the anciejit pyramids. obelisks, and temples of
Egypt. There he studied the love of the priests at Memphis and
Diospolis. A ,

In addition, he learned 3 great deal just by traveling to alj
the known parts of (he Mediterranean world. During his long
sca voyages, the Phoenician sailors tight him much abou the
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And the radiant sun itself made a blazing circle in the heavens!

Certainly, concluded Pyvihagoras. the carth and the sun and
the nioon anet the planets were all spheres. That was the one
perfect form: it must be so! In history he is given credit as the
first person to spread this idea.

Observing and stucdving in _this way, Pythagoras traveled for
many years. Some say he got as far as india and was deeply
inﬂucnccd..ﬁ)r he took up Oriental dress, including a turban.
And certain of his mystical ideas, such as hnumber magic and
reincarnation. were typical of the East.

Finally he came back to Samos. We don’t really know how
his countrvmen received him. but a number ef stories suggest
‘that they were indifferent to all the knovledge he had brought
home. This is borne out by the tale of Pyvihagoras™ first pupil.

Tired of finding no one who would listen o his learning.
Pvihagoras bought himself an audience. He found an urchin. a
poor and ragged litde fellow. and offered him a bribe. He would
pav three oboli for every lesson the boy mastered.

To the urchin this was indeed a bargain. By sitting in the shade
for a few hours, and listening attentively to this wise man, he

could make better wages than in a whole day’s work in the hot

sun. Naturally, he concentrated hard while Pvihagoras mitro-

) - . - . -
duced him to mathemaucal disciplines.

From the simple calculations of the rope-stretchers, to the

mclho(‘s of the Phoenician navigaiors, to abstract rules and
reasoning, Pythagoras le his pupil on. Soon the subjects became
so interesting that the boy begged tor more and more lessons.

At this point, Pythagoras expiained that he, o, was a
poor man. and paving someont 1o listen was getting o be

very expensive. So they reached another bargain. The boy
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had saved cnongh o pav Pyvthagoras for his future lessons.

The story doesn’t prove that Pythagoras began to colleat a
following this way. But it shows the fascination of the new gae
of string, straightedge, and shadows, and forecasts his great rolc
as its teacher.

What we do know for sure is that Pythagoras left Samos and
went to settle on actny island of ' the coast of Sicily, which was
then swarming with new Greek colonies. This Isle of Croton
has an immoral place in the history of mathematics. There
Pythagoras finally gathered a group of students around him and
tounded his famous Secret Brotherhood.

Like other mystery cults of that time, it was a religious order
with initiations and rites and purifications.

These “Pvthagorcans™ had a special wayv of life. The members
—women as well as men—shared all their simple belongings in
common. Because Pythagoras taught the docurine of the wans-
migration ol souls. they were respectful to animals and would
cat no meat or fish because in those creatures might live the
soul of some departed friend. Nor would they wear garments
made of wool, nor kill anything except as a sacrifice to the gods.
They bound themselves by great oaths to keep secret all their
discoveries and (cdcl?mgs. So devoted were they to their leader
that any argument was resolved by using the words of authority

referrving to Pythagovas: “He himself said it!”

But there was one great wrait that set this Brotherhood apart
from all the vest. Pythagoras taught that “knuwk.dvc is the
greatest purnhamnn. So his followers were. above all, a study

group, bent on gaining the knowledge that would free them

{rom cndlcsx rebirths. And to the P)’[lhl“()l(‘.lll\-—-d\ \\'c shall see
—-—(Ins know icd«rc meant um(llenmucs‘
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12. A FAMOUS THECREM

. The most famous thing about Pythagoras is not his Brother-
hood at Croton, nor the weird legend of his spending years in
a cave and gaining magical powers. It is simply a theorem (or
f'm‘m;ll rule) of geometry.

The Pythagorean theorem savs: In awij right triangle, the sum
of the squares of the two sides is equal to the square of the
hypotenuse.

This theorem and its proof were a basic advance. It became
a cornerstone of ancient geometry and had more influence on
theory and more practical applications than any other. Later
writers would call it “the measure of gold.”

But perhaps Pythagoras ought to be most Lumous for some-
thing clse. He was the birst 10 teach mathematics as a liberal
cducation—our very term “mathematics” origmated from his.
course! . '

(\R
A
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Pythagoras gave lectures on nmt/wnm{a In the language of
his time., that was the word for studies, but his use of it came
to mean mathematics. Phvilagorcan mathemata covered a very
large ficld, bur ail the parts were interrclated. Perhaps the
quickest way o understand this s just to imagine a poster at
the entrance o the open-atr nceting place where the lectures
were held. '

This was a curious fourfold range of subjects: music to clcyatc
(he soul, numbers il their properties, ancient Babylonian If)rc
about the planets. and the abstract rules of the new Fheorcncnl
geometry. Each topic was studied from a mathematical stand-

i ‘course consttute initation into the
point—and the whole course constituted the initiauon int

Secret Brotherhood!
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The very term “mathematician” meant one who was achmitted
to the innev mysteries, as distinct from a “hearer™ or beginner.
“Mathematicians” had 1 follow a rigorous course for several
years, with @ stern daily program of meditation. exercise, and
study. before thev were even permitted to hear Pyvthagoras n-
tone some teachings behind a curtain. Only after full initaton
might they attend his actual leciures.

But the wait may thave been worth it. Great mathematcal
discoveries were atributed to this strange teacher, the most
‘famous being the Pvthagorean Theorem. So let us use our IMagi-
nations and mingle with the nitates at an exclusive closed
Jecture. Why not hear the great Pythagoras demonstrate his
immortal proposition? Not that he did it in just these words, but
these probably are the proofs that were used.

Perhaps the session began with an announcemeni: “l have
found at last the solution 10 a problem that has long been puz-
zling us.” X hush ol awe fell on the §;1l11c1'ing as “Huonself™—in
white robe and gokl sandals. his head crowned with & golden
wreath—took pwinter and string and straightedge. and began

“to lecture.

“Listen to our batfling problem. You older members have
already worked on 1, but T will review it for the new miuates.

“Here is the Egyptian right triangle, the one used by the rope-
stretchers, where the sides of the right angle are 3 units and 4

_units. and the hypotenuse in g units.” He drew it on a sandy
space. and then added a squm'é on each side. and inncr squares.
(See illustratton on page 101.)

There! You can sce. by counting or by calculating the square

units. that the total arca of the squares on the two sides ol the

right angle is equal to the area of the square on the hypotentise”

160

He beckoned o the newcomers, who crowded close, multi-
phving and counung at the same ume:
(3X3)+ (4 X 4)=(5X5)
9+ 10 = 25

untl all their heads nodded in agreement.

Now let me show vou a Greek design involving right ri-
angles,” He drew their auention o the tiled floor on which they
were standing, and then waced a similar pattern on the sand,
outlining the important parts. _

Here the two sides of the right angle are equal, and the
same relation holds.” With his pointer, he indicated one wiangle
jmd Lh(‘. rclated squares, and they all counted together. (Sce
Hlustraton on page g 8).

Look! Two wriangles plus two triangles equals four triangles.
g : *
['he total area of the squares on the wtwo sides of this right wi-
angle s likewise equal to the arca of the square on s
hypotenuse.”

3
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;\gni:it he waited until the newcomers nodded their assent, and
then coiiinued: t
- “In Iidia, the priests know other contructions that give similar :
r'@SL)!{gs; they guard these numbers closelv. but we have found ‘
somé’of them. In Babylon, a priestly astrologer whispered to- i

me that there was a secret about this mystery that had never
been penetrated.” :
Now the attention was almost breathless as Pvthagoras in-

toned solemnly: “That secret is our problem! \Wounld the seme ,,
relation aways be true of ANY right triangle, no matter what i
the length of its sides, and how could you shot: this?”

At this dramatic moment, he withdrew behind » curtam, while
auendants played on swinged instruments 1o indicate an inter-
mission. Pandemonium broke out among the assembled initiates,

S
TR

All the newcomenrs began talking at once. making suggestions,
:n‘guing. anl shouting. The older mathematicians, who hadl

worked on the problem themselves, were less hoisy but even
moré*éxcited! .

Finaly Pyvthagoras reappeared. Silence mstantly fell over the
group as he resumed his lecture.

“I will now’ show you how to construct a wondrous higure
which discloses that the answer s ahways ves! The older ‘mathe-
maticians’ will realize that by slowlv and carefully defining each
step of the construction. and using a few simple theorems that
you already know, this demonstration can be made inw a rig-
orous proof. Today I will just draw it quickly, so vou can all see
my great discovery.” :

He signaled to attendants 10 smooth the sand, and began 1o
draw, using his pointer 1o emphasize his words,

“Watch this beautiful construction! 1 make a square frame,
102

N 1 ,
are, any size. Next
- ize, and in its corner I place a small square, any : o
e A inul i { small squs
) [ incs, continuing the sides of the |
| cdraw straight lines, a
to- the edge of the {'ram‘e. B e
D sce what mv {rame now contains: .
“Do vou sc¢ : \
' o cetanales.
and a medium square, and two equa[ rectang , o
R — Imost there—I simply add diagon:
“ 2N ‘e are almos )
And next—we ]
dee!
ines across the reclangles! Ny ]
lines across the 1 Y . ' .

15 1 toure | need. My frame now contams
e A | rioht trigneles. Now
are, a medium square, and four equal rig, riang

.5»(/'1 (1 ! Jour ‘ ‘ﬁ"urc. i
[ will ask vou to look more closely at this fig o
| » A - o ’ 1T
Pythacoras beckoned to the attendants, who pou o colore
v Zk d ) i ) . o .
)l i ;n jars onto the parts of the (lm\\lng7 so the | '
sand from jars

showed plainly.




“Look again!” He uscd his pointer and spoke with care. “All
the wiangles. vou know. are cqual; ciach is the same triangle in
a different position. Now. notice how the tiangles touch the
squarcs, especially Triangle 2. You can see that the small square
is the square on the short side of the wiangle. And the medinm
square is the square on the long side ol the triangle. So my frame
is completely filled by four equal right triandles plus the square
on the short side and the square on the long side!”

Pvthagoras paused while a low murmur of awe rose from
the initiates.

“Now watch!” he mtoned. And while they all craned their
necks to see, and the auendants poured more colored sand,
Pythagoras drew his linal masterful figure.

“Watch well! Fhave only 1o swing and pusiy these four triangles
around, Iikq; this, so that they fit perfectly into the four corners

’ The Secret Brotherhiood

of the fraunce, and my frame is now completely Hiled by the same
Jour cqual right triangles plus the square on the hypotenuse!

“Thercfore. in any right triangle, the area of the square on
one side plus the area of the square on the other side will add "p
to the area of the square on the hypotenuse!”

A mighty shout—we can imagine—went up from the asscibled
inner group of the Secret Brotherhood. For this theorem was a
truc landmark in the development of geometry by the Pyvthag-
oreans. Almost all later geometric work involving lengths and
measurement was based upon it. And this style of solving prob-
lews, especially equations, by diagraming them, would remain a
chiel trait of Greek geometry.

But to the mitiate who first heard it, the theorem also partook

of a mystical revelation. Tradition says that Pythagoras himsell

celebrated the occasion by a noble sacrifice—an ox. orahundred
oxen—ito his “divine {ather,” Apollo. Some ancicut writers dis-
pute this, as the Pythagorcans were vegetarians. Whatever the

offering. we can easily picture the festivities described in the

verse of legend. Doubdess the “mathematicians™ chanted,
torches waved, and smoke rose (rom the sacrificial aler.

The day Pythagoras the fanous figure found
For which he l)r(')_qght the gods a sacvifice renowned!

.y
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13. “DICE OF THE GODS"

As time went on, the Pyvthagoreans made even more excitine
discoveries—and gave them strange cosmic meanings. ’

This curious blend was characteristic of Pythagorean geom-
etry. For the imiates of the Brotherhood were seeking a ;pccinl
key to the universe in this wonderful new realn of muknbers and

abstract torms: triangles, circles, squares, spheres, and the more

elaborate forms thev made themselves.
And their search had ; ‘iling ch | !

' their s(_'.u(h had a thrilling chimax. After long and pain-
staking experiments. they discovered the five regular solids.
These were remarkable and beautiful polyhedra, or shapes with
many [aces.

" The full tale of these live solids can only be guessed at from

1chH

]
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bits of legend and history, for all the experiments were top
secrets, of course. A

To impress this on newcomers, perhaps the first thing they
were shown was how to make a mvstic “pentagram,” the emblem
that members of the Order ‘wore on their clothing. By means of
a secret device (which we will explain later) a five-sided figure,
or pentagon, was traced on cloth. Then its points were con-
nected with diagonals to make a five-pointed star. Finally,
around the five points of the star were placed the letters of the
Greek word for health, tyiea (hygeia), from which we get the

word “hygiene.”

et oL

This was the sacred svibol ofthe Pyvthagorean Order—the
“magic pentacle” that remained a favorite device of sorcerers
and conjurors for-many-centuties. But it wasalso an expert-
mental discovery: the first known use of letters on a geometric
figure. ' '
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Possibly the next experiment shared with newcomers was a
basic one with tiles. O rdinary floor tles had vielded the easiest
example of the Pythagorean theorem. So the Secret Brotherhood
went on witle & pamstaking study of these close-fiting forms
that covered many Greek Hoors.

They made lbose tiles of various shapes and placed them i
patterns on the ground. And they reached a striking conclusion.
There were only three regular shapes of tiles that would fit 1o-
gether perfectly 1o cover a flat area completely: triangles (three

sides), squares {four sides), hexagons (six sides).

If they tried pentagons. they got a beautiful blossomlike de-
sign, but there were gaps between the tiles, and tiles of more
than six sides would always overlap. No other regular geometric
forms of the same size and shape could be so combined.

They explained this mystery o the newcomers:-“Since there
are {our right angles (360") around a point, vou can only use
forms whose corner angles together will make that wtal. There
ave just three possibilivies: six equilateral wiangles with 60"
angles, four squares with go* angles. and three hexagons with
120" angles.”

From this simple experiment came the fascinating idea of
making “solid angles” by fastening tiles together with mortar,
or gluing ogether slupcs of wood, or sewing together picces of
leather. And this ledto building shapcs with the solid angles.

They called them regular solids because all the edges and
faces and angles in each solid were equal. And afier much ex-
peranenting. as we ‘have said, they found five of these mhds.
The first two had been known from the most ancient times, but
the next two were shapes that men had never scen before. As
for the fifth.it was such a startling discovery that they thought
they had upset the order of the universe! e

' o S g %
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) b “1"
771e Cube. They mortared three square tiles into an- angle,

“and fitted on three more tiles to form acube with six square faces

which they called a hexahedron.

The Regiilar Pyramid. They put together three equilateral tri-

nng/z—:s mto asohid angle, then added one more, to make the base
ol their four-faced tetrahedron.

-

The Octahedron. This was made with two solid angles of four

. - N
cquilateral wiangles each. so thev gave this eight-faced figure
the name octahedron

T

T

T e

The Icosahedron. Here was a real challenge. When they put
together five equilateral triangles, they got a surprise. The open
basce of this solid angle was a pentagon. Now they could trace
one perfectly for their emblem, instead of just dmwiﬁg it free-
hand. (O f course, the device was kept secret.) Bt how could they,
make a regular solid, with five equilateral tridnglesaround each
vertex? All their early attempts were failures. Finally, someoge
got the right inspiration—five-equilateral triangles for the top,
and five triangles for the bottom, and then a center hand of ten
more triangles based on the bld Babyvlonian pattern. They had

made an icosehedronwith twenty triangular faces.




The Dodecahedron. This last form was made with the pen-
tagons so dear to the Pythagorean Ovder. They used that Hower-
like pattern of a single pentagon surrounded by five others—the
tiles that would not fit together on the flat Moor. But il the sui-
rounding ones were lifted up. then all six pentagons fited per-
fectly in a solid cuplike shape. This could be capped by an
inverted one just like it to vield the most difficult and beautlul
of the five regular solids: the dodecahedron with s twelve pen-

. tagonal faces.

These five shapes created a great stir among the first geometers
who studied them. Men examined them in Fascination and awe.
handhing them. tirning them around in ditferent pe witions, look-
ing through them as if they were glass. And it was inevitable
them mystical

that the Pythagoreans should finally  give
meanings.

112"
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By that umc the Secret Brotherhood had spread to many
towns and islands of Sicily and southern laly. The Sicilian mem-
bers were {riendly with another strange teacher who lived near
Mount Etna—Empedocles, whodressed all in purple, gave away
his money, and did scientific experiments. Empedocles taught
that the world was made of carth, air; fire, and water, and the
first four regular solids came to be identified with these “ele-
ments.” We know the identification [rom a famous passage in
one of Plato’s Dialogues, where it is made by a Pvthagorcan
from Locriin the south.of laly. About the fifth solid, there were
many weird stories. Its existence was kept secret as it seemed to
require a fifth “element.” “

The csoteric reasoning, as repeated  later. went something
like this: '

“The cube. §l;mding firmly on s base. corresponds to the 1]
stable earth. The octahedron. which rotates freely when held by |
its two opposite corners, corvesponds o the mnbile air. i\

“Since the regular pyramid has the smallest volume-for its ;
surface, and the almost spherical icosahedron the largest, and . ‘z
these arc the qualities of drvness and wetness, the pyramid *‘
stands for firc and the icosahedron for water.” '

Asforthelast-found regular solid, with its twelve faces. “Why
notlet the (l_o(lécilhefh‘(m represent the whole universe, since the
Zodiac has twelve signs!” '

Such notions were typical of that age. And more than o
theusand years later, the famous astronomer Kepler was sall so
awed by the unique properites of the five regular solids that he
tricd o apply them as planctary orhits: he assigned the cube to
Saturn, the pyramid o fupiter. the dodecahedron o Mars, the
icosahedron 1o Venus, and the octahedron 1o Mercury, and he

u3
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desngned a machine to show this! OF cmir.sé, the attempt was a

failure.

Yét even todav. these solids seem ahnost magical in their
D - . =

beatity and their interrelations.

Iiv'the first place. it is quite starting that there are only five
An infinite number of inscribed '
" Wfi nul ber of regular polvgons can be inscribed in a
circle—their sides becoming so small that they approach the
form of the cirele iself. But it is not so with regulir convex
polyhedra inscribed in a sphere. There are only these five pos-
sibie shapes, and no others. |
And these five shapes are connected_-with one another in a
most remarkable way. Alf five can be fitted together, one inside
the next, like the comparuments ofsome magic box. And they are
.hnitherhnked by astrange innerharmony. They can be inscribed
lfl F!)eltlselves or each other, in certain endless rhythmic alterna-
R L 2N . . -~ '
tions. Soit’s no wonder the five regular solids were long referred
to as the “dice of the gods.”

14. THE UNSPEAKABLE TRAGEDY

Before the Secret Brotherhood was disbanded, its members
really thought they had grasped the kev o the cosmos.

Then evervthing collapsed. Their whole scheme was destroyed
by a fatal discovery, and the Order iself was destroved by
taitors and mob violence. Yet as we retell the somber tale, we
will find that it was not a complete tragedy after all, for the
Pythagorcans did enjoy their cosmic key briefly. This key was
not found in abstract. shapes alone, noy in music, nor in the
stars, but in onc factor that—ihey belicved—linked all of these:
number.

“Himscl{™ had said it “Evcrvthing is number!”

So they followed Pythagoras’ teaching that the universe was

ruled by whole aqumbers. That did not mean numbers for ordi-

nary counting or calculating. What niterested them was the
nature ol a number itself. odd. even. divistble, indivisible, and
the relatons between numbers. This was their arithmetike. And
they applied it to their other three fields. and found startling
number patterns in cach.

[n music; forinstance. a sensational discovery about the rela-
tons of whole numbers and musical intervals was attributed
o Pythagoras himself.

1y
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Omne legenid saiel that on his long vovages he listened 1 the
mus'L of flapping sails, and the wind w histling and w hining
thmuvh the ship’s rigging and plaving a mclody on the ropes.
Andthathe decided thenand there to mvestigate the connection
between the tempest of sounds and the vibraung strings.
Another version said that he was strolling through the village

of Croton, deep in thought, listening to the musical sounds of

hammers - striking anvils in a blacksmith's shop. when suddenly,
tippingon ataut siring that some children had stretched across
the street, he got the | inspiration for an experiment.

But the most popular storv wld that the idea caime 10 him
straight from the stringed Ivre of his “father” Apollo, who was
also the god of music.

Anyway, Pythagoras experimented with stretched strings of
ditferent lengths placed under the same tension. Soon he founcd
the relation between the length of the vibrating string and the
pitch of the note. Hediscovered that the octave. fifih, and
fourthol a note could be produced by one string under tension.
simply by “stopping” the suing at different places: at one-half
its length for the octave. two-thirds its length tor the 1ifth and
three-fourths its length for the fourth!

Other musical imnovations were credited 1o himosuch as o

one-string apparatus [or the study of harmonics. But his great
(hsu)vexy was the tetrachord. where the most important har-
monic intervals were ohtained by ratios of the whole numbers:
L2, 3, 4. The Secret Brotherhood gave this fourfold chord
mvstical significance and used (o sav: "What is the oracle at
Delphiz The tewrachord! For it is the scale of the sirens.™
And the Pythagoreans cven used it for their astronomy. In
the relation of number and music, they beheved thev had found

116

the patiern that guided the “wandering” planets through the
heavens. They pictured the sun and the planets as geometurically
perfectspheres. moviprg through the visibly circular sky on per-

feet civcular orbits. separated by harmonic ratios—musical inter-
vals! Thers was a vision of umce and space rvevealed in lines,
tones. and mathematical ratios. And they even imagined the
brillant planets emitting harmonious tones, the so-called “music
ol the spheres.”

But it was i the connection of number and geomeury, their
two completely mathematical subjects, that the Pythagoreans
were on surest ground.

117



ﬁu_mbers, they had discovered, whole numbers, actually had
gedimerric shapes. There were triangular numbers, square num-
bers, pentagonal numbers, rectangular numbers, and so on.

This was no wild fantasy, like the singing planets. It was a
real mathematical discovery, and came from the circumstance
that they did not do their number work by writing the numbers

oners. But the Pythagoreans placed their pebbles in patterns,
adding extra rows for each number. Their two most important
series were the square numbers and the triangular numbers.

[ at all. Instead, they placed pebbles on the sand, like the reck-
|
|

The most imporiant number of all, rto the l’ythngnrcnns, was
the fourth triangular number. 10, For it was made up of
T+2+ 35+ 4 They called it the “Sacred Tetractys,” swore by
it in their oaths, and atached marvelous properties to it, as.“the
source and root of eternal nature.”

'''''' s
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Everything fitted perfectly: the Tetractys, the letrafl.mrcl: the
four regular solids representing the four “elements, 1‘nsc.nhcd-
ma dodecahedron representing the celestial sphere. But l['\\'ilS all
too pat, a jumble of luck, imagination. serious mathematical ex-
periments, and old number magic from the East. Just as (h<c
Pythagoreans thought they were getting more and more evi-
dence that number was everywhere, the whole system broke
down. The entire conncction between geometry and num-
the foundation ot their thinking—-was shatered by one

ber
disastrous cxperunent. |
Presicding was Hippasus of Metapontum, wh().se name \?_;15 o
loom dark in the future of the Brotherhood. The idea was .\'lll‘ll)l‘\‘
(o find the numbers that matched the sides of the two nglt.t
triangles with  which  Pythagoras had first . (knll().llsl..liltcd hl.S
thcorem—the Egyptian wiangle atid the one {from the uled floor.

lig
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Of course, the Egypuan rope-triangle worked perfectly: its

- 3-4—5 sidesmade a beautiful Pythagorean series. Thev indicated
. the intervals with pebbles. Now what about the right triangle
from the Greek tile design. where the two sides were equal?

Suppose each side had a length of 1 uni-——that would require 1
pebble. Then for the hyvpotenuse—how many pebbles should
they put there? Well, the sum of the squares on the sides would
equal the square on the hvpotenuse. Theretore,
17 =1 (square on one side)
and 17 =1 (squarc on other side)
and 1 + 1 =2,

so 2 is the square on the hvnorennee Ao the honneennse is the
square root of 2.

But what was the square root of 27

It couldn’t be a whole numbers since there 1s no whole num-
ber between 1t and 2.

120
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Then was it a ratio of whole numbers between 1 and 2? Hope-
fully, they wried every possible ratio, muluplying it by iself, to
see if the answer would be 2. There was no such ratio.

After long and fruitless work, the Pythagoreans had to give

up. They simply could nat find any number for the square root of

2. We write the answer as 1.4141..., a continuing decimal fraction,
but they couldn’t do that since they had no concept of zero and

of decimals. They could draw the hypotenuse easily, but they

could not express its length as a number. It was “unutterable”
—*“unspeakable”! '

Horrified. the Pyvthagoreans called V2 an irrational number,
Afier that, they found other irrationals and swore to keep them
secret, for the discovery of these “irrationals™ wrecked their entire
beautifully constructed svstem of a universe guided by whole
numbers. The breakdown in their mystical morale was followed
by the breakup of the Secret Brotherhood itself.

In this fmal demolition. Hippasus plaved a decisive -role,
though his own faie is shrouded in mvsiery. The Order was
already in wrouble. Bitter resenunent had grown up against its
secrecy and exclusiveness:.and viots of villagers had driven it
out of Croton. Pvthagoras himsell had died on a neighboring
island. And now mobyof “democrats” began w attack the aristo-
cratic Pythagorcan societies everywhere.

Against this background. Hippasus wok a step that was re-
garded by the conservative members as sheer betrayal. He
broke the oath of secrecy and revealed their most closely guarded
discoveries—the dodecahiedron and the irrationals. When they
prompuy expelled hun, he set himsclf up as a public teacher of

qe¢ )lll(,‘ll’}'.

The waitor’s punishment was swift and terrible. He was very
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shortly drowned in a mystertons “accident” at sea, and strange
rumors arculated. Some said- that a storm had struck his ship as
a diréa vengeance from the gocs: others, that he had been

pushed overboard by agents of the Secret Brotherhood. But

RIS EAASELE S AR R SRS T R SR

Hippasus® death was to no avail. The harm was already done to
the Order of Pvthagoreans, though the disawcry of irratonal
numbers eventually worked for the good of mankind.

The rem;lining seeret groups soon collapsed, torn by outer
violence and inner dissensions. And more and more “mathema-
ticians” followed Hippasus® example and came out to earn a
i living as teachers. Pythagoras’ idea had been demolished: no
longer was there.a closed Brotherhood of followers, bound to-
| gether by a mystical beliet in a cosmos ruled by number. Yet his
% ideals lived on in this broader field. He had pursuect knowledge

i}
1

{ I l.O r

S own sake, loving wisdom for itself. He knew lcarning

i | could be shared without diminishing, that it lasts through life
| and immortalizes the learned after death. And the destruction

i
j of the Order gave his legacy to the world.

Geometry was now out in the open—and it was the new j
Pvthagorean geometry. True, mathematics was still mixed with .
some magic: number mvsticism, cosmic ideas about the regular
solids. But there was, in addition, the famous theorem and its

applications, the careful stucly of shapes, the theory of numbers,
and the discover of irrationals.

o




15. THE GOLDEN AGE
AND THE GOLDEN MEAN

The second half of the 5th century 5.¢. was the Golden Age of
Greece. This was the period of her most beautiful art and archi-
tecture, and some of her wisest thinkers besides. Both owed

much to the popu..lr new study of geometry.

By the start of the next century, geometry irself was enter ng
its own classic age with a series of great developments, includ-
ing the Golden Mean. The times were glorious in many ways.
The Persian invaders had been diiven out of Hellas forever. and
Pericles was rebuilding Athens into the most beautiful City In

-the world. At his mvitation, Greek mathemaucians from clse-

where flocked into the new capital. From lonia came Anaxa-
goras, nicknamed “the mind.” From southern ltly and Sicily
came learned Pythagoreans and the noted Zeno of Elea. And

" their influence was felt over all Athens.

High on the hill of the Acropolis rose new marble temples and
bronze and pamted statues. Crowds thronged the vast new open-
air theater nearby, to hear immortal tragedies and comedies by

- the greatest Greek playwrights. These splendid public works

were completed under the direcuon of the sculptor Phidias and

several architects. all of whom knew and used the principles of

geometry and optics. “Success in ait,” ithey insisted, “is achieved
by meticulous accuracy in a multitude of mathemaricz! propor-

tonn” And Ui Luildings had a dazzling perfection never seen

bcforc—thc beauty of calculated geometric harmony.
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Elsewhere in the city, the impact of the new geometry took
another form. On the narrow streets of Athens walked world-
famous philosophers, tlking to the people, lecturing on mathe-
matics, geography, rhetoric, how to live the good life. Socrates
and others asked, “What is beauty? What is virtue*™—and tried
o tcach men to think out the answers.

Their method was borrowed from the geometers. They called
it dialectics, and it was patter ned after the deductive reasoning

~and proofs of geometry. “For geomeurv,” they said, “will lead

the soul toward truth and create the spirit of philosophy.”

And geometry itself made tremendous strides in the Golden
Age and the darker time that followed. Even after Athenizu de-
mocracy collapsed in the war with Sparta, geomeury continued
to flourish in the Athens of the restored aristocracy.

But now, in the 4th century, the study was carvied on in
schools with grounds and buildings of their own. The first and
maost famous of these was the Academyv. headed by the great
philosopher Plato. It was located in an olive grove a half-mile
outsidde of town, and over its gate was this mscription:

LET NONE IGNORANT OF GEOMETRY ENTER [ERE

Plato’s Academy was the earliest institution of higher learning.
{ts curriculum was fmnkl\ wspired by the old program of the
Sccret Brotherhood. Studies were broader now—ihe highest
branch was moral and political philosophy. But the ideal was
sull pure wisdom, and the basic traiming was still in the “Mathe-
mata.” Plato was partly a Pvthagorean.

When his tcacher, Socrates, was put to death by the Athenian
government, Plato had fled o Sicily. There he studies mathe-
matics under noted Pythagoreans, picked up mystical ideas, and
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dabbled in aristocritic poliics. F mally, be came home to Athens
to found' his own school and make i the great mathematical
center of the Greek world. Most of the mathematicians of that

eragwere his friends or associated with his Academy.

Perhaps the most gitted geometer to study there was Eudoxus

of Cnidus, who ﬁn:lily broke the deadlock of the irrationals, and

freed geometry tor the great advinces that wer

€ to come. How
he did this—with his work o

n the Golden Mean and his new
lhem‘y of proporuon—is an cxciring story. And if we add o bt
of im:xgin;uion. it gives us f’;zscin;uing ghimpse of Athens and
the Academy in Pl time. it

At the age of twenty-tour,

Eudoxus came 1o Athens from his
home town ol Cnidus o th

¢ Black Sea, in order to study at
Plato’s Academy. He was so poor that ke could not afford
loclgings in the city, but lived in the small seaport of Piraeus and
witlked to school every dayv. OFf course, he h
some geomeiry; it was the entrance
Academy he got p:

ad already studicd
requirement. But at the
wticululy interested in the matter of an irra-

tional number on a gemmetric higure. For in Athens the problem

was in plain sight every day, in i conerete, o
form,

On the high Acropolis, against the shimmering sky, stood the

beautiful temple called the Parthenon—the most wonderful mon-

ument of the Age of Pericles, the “pe

r rather. a marble

rtect” building whose ruins
enthrall us even today. The Parthenon had been designed by
Ictinus and Callicrates according 1o mathematical principles.
Its surrounding pillars were an example of “number” applied:
8 pillars in front, an even number,

as Pythagoras had advised, so
o central posts would block (he

view: but 17 pillars on each
have an odd number. And some of
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graduated measuring regd. i inches or centimenters, like ours.
Ground plws were sull laid out in the old way, with string
(rope), straightedge. level. and carpenter’s vight angle or “set
square.” Ak some of the older temples, and even a few new
ones, were quite carclessly designed.

But as geometry became popular in Athens, architects took
to drawing caveful plans with string and suraightedge, for geo-
metric constructions could be enlarged easily and accurately in

- the building isclf.

Temples remained severely rectangular, but now the favoriwe
rectangle was made by a “construction”™ a square inscribed in
a semicircle. This figure gave you the shape of the rectangle: it
was as long as the semidircle’s diameter, as high as the inscribed
square. Calculaing its numerical dimensions was casy with the
Pythagorean theorem; anv builder or Academy student knew how
in those davs. The rectangle had an irratonal dimension. When
its width was 1, its length was \/5

This “root five rectangle™ was enough to discourage any mem-
ber of the Secret Brotherhood—but Eudoxus belonged 1o a new
age. After studying for a while at the Academy. he went 10
Egvpt, where he slu(licduundcr the learned pricsts. Alterward.,
he waveled and cstablished his own school. Then, vears Laer,
he returned to Athens to revisit his former master Plato.
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This tme. Eudoxus arived not as a poor student, but an
acknowledged master of geometry. In token of his importance,
he now woare his beard and. evebrows stiaved in the Egyvptian
manner. He was accompanicd by several of his own disciples.
A holiday in his honor was declared at the Academy. All the
students wanted to see him, and they crowded into the famous
open-air lecture space shaded by the grove of olive urees.. And
there—we may imagine—he gave them the geometric solution

of the proportion in the “root five rectangle,” which had puzzled

lhim as a student.

Eudoxus chose his words with care. He had promised to tell
Plato a great discovery at dinner, and it would be based on this
novel demonstration. ' ; '

“L will ask vou.” he said. "0 disregard numbers entivelv. and
tforget all about the numerical dimensions of the ‘root {ive rec-
tangle.” We will try instead to find a proportion among the geo-
metric quantiies. So now. look at the construction itself, the
square inscribed in the semicivcle.” Using string and st,l’:lig'ill,-

edge, Eudoxus drew it on the sand.
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~“Consider only the line

that is, onlv that portion of the diameter, where our two quanti-
ties @ ancl b can be defined as a short and a long segmeni of one
line.

“Now here is my question: \What is the proportion that links
aand b, the short and long segments of this line Does anvbody
see how o find out?”

A ripple of excatement rose from the students gathered in
the grove of the Academy, as they peered at the diagram and
discussed this “simple”™ problem in whispers. Plato  himself
stood by, smuling. Finallv, when no one volunteered, Eudoxus
raised his hand for auenton and conunued.

“Nothing could be simpler than the answer. It involves a very
casy construction that vou all know already. From the upper
right corner of the square. T will just draw two lines to the ends
of the diameter. What does that give vouz” He pomted to an

[l

cager student in the front row.
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“A right triangle. of course.” the boy almost shouted. “Lines
drawn from any pomt on the arcumference to the ends of the
diameter make a right angle!”

“What else do vou scez”

Several students answered a once: “Inside this large right
wiangle are two other right triangles! They are forimed by a side
of the square—but it is now a perpendicular line dropped from
the tertex of the large right tiangle to its hypotenuse.”

*Absolutely right!™ said Fudoxus, pomting them out. “We will
calt sne S for Small. and the other M for Medium; and the large
right triangle, of course, can be L for Large. Now, do you see
anv relationship between these three right tiangles?”

There was a pause. while all the students stared intently at
the diagram. Suddenly a bov called out from the back row. “The
three right triangles are similar. aren’t they?”

"How do you prove that>” Eudoxus was nodding his approval.

“Sir, they are simikar because their angles are equal. If you
will kindly spin the three right viangles around and draw them
side by side and upnight, then cvervone clse can see the proof.”

Eudoxus gladhy obliged. and. using his pointer, he explained
tor the benefit of the slower studenis. *Notice on the figure that
each of the smaller triangles has an angle in common with the

large triangle. But we know that in any right triangle the sum

From the Academy to the Museum

of the other two angles is 9o°. So cach of the renwining angles
must he cqual vespectively. The three right wiangles are there-
fore similar, just as—what is vour name. lad?—just as Meno here
has said, because their angles are equal. Meno has solved the

problem!”

“But sir.” protested Meno in amazement. “of what use is it
for us to know that the right triangles arc similar?’ o

“Of what use?” repeated Eudoxus, laughing. “Look again, all

of you, and you will see the beautiful proportion that links the

geometric quantities @ and b.” He pointed in quick succession to
all the drawings on the sand.

“Just take the dimensions from the final figure, and put them
on the easy-to-see similar right wiangles. just the Small and
Medium ones. You know that when vight triangles ave similar,
their corresponding sides are in praportion. Therefore,

Short Side of Small & is 10 Long Side of Small »-as

Short Side of Medium Ais 1o Long Side of Medium &
or in other works: @ istob ash iswa + b '

“That is vour proportion! Just read it off on the line, and you
will see how beautiful 1 1s:

ath = h:(a + b) _
THE SHORT SEGMENT |§ TO-THE LONG SEGMEXNT AS THE LONG SEG-
MENT IS TQ THE WHOLE LINED” '

FO S )
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“High-rete! High-rete! High-rete!” cried all the students in
unison—the Greek equivalent of three cheers,

Plato himself joined the chorus of praise and made a short

—one of the most ingenious in geometry. This proportion is far
more significamt than the problem that led to it. So | wil] ask

you all to review the coustruction tor your next assigmment.

“By inscribing a Square in a semicircle. vou can do something
truly marvelous with » straight line. You can divide that line into
two unequal sections, in such o way that the short section is 1o
the long section as the long section is to (He wholedine. Do you
appreciate this proportion: You are thus dividing

a line gco-
metrically into its extreme and mean proportonal.

This section,
or cuting, or a line is so nportant that from now on we will
call it THE SECTION Pluo drew and wrore on the sand.

Pl;i(}) gave a banquet i Eucoxus’ honor that nigh[——his[ory
records the event—and heard the rest of the discowv

ery from Eu-
doxus’ own lips. Before we 1om them at dinner,

let us pause
(like the boys ar the Academy) to appreciate

“The Section.” Plato himselt in his writings, abways cailed it that.

But later writers named i the Golden Section or the Gelden
Mean.

the mportance of

The lasting fame of the Golden Mean rests not only on the

sheer beauty of the proportion itself, but on its use in architec-
ture and art. The “root five” and Golden Section rectangles were
used frequently in Greek buildings. Scholars have since found
that many of the loveliest classical vases and stawes cherished
today, on the hills of Greece ‘ '

and in museums through()ut the
world, are based on this same

section.. And sculptors and painters
down the ages have continued 1o make use of jt.

ch: “You have just seen g beautiful demonstration and proof

The fagade of the Parthenon appar- Vs vE
cntly was designed ;mmn(l_ the pro-
bpm-t‘inns of two lurge and four snuall . g > =
Golden Scection, ar 5. reciangles. V Y ,V V
placed ahove Tour squares, Sq Sq Sq 59
| |
-
\i /
| R
|
I ]
i
—
This Greek vase, knowan as Sq 57 Sq . S

a kylix, was designed 0 be |
contained within a Golden |
Scction. The "bowl of Alhc
vase {ollows the proporuons
of four. squares placed 1o0-
-+ = cmgether-hovizontdly, (000
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PROPORTION

The Goldern Mean is a surprising clue to the proportons ol the

human body. Just look at the different lengths in your own hand
and fingers and forcarm. and vou can see this yourself. The lengih

~of the first finger joint is to the length of the next two jonus as

those two are o the fength of the whole finger! The length ol the

middle hinger is 10 the length of the palm as the length of the pabm
is to the length of the whole hand! The length of the hand is 1o
the length ot the lorearm as the length of the forearm is w the
whole length from fingertip to elbow.

Lxperts iave made many more measurements. and have found
tha this proportion runs through the whole humin skeleton—not
exactly, of course, but as a kind of “ideal” proportion or standard
of beauty. That is why the Golden Mean has Fascinated some off
the greatest arnsts through the centtiries. Leonardo da Vinei, Lor
mstance. cailed it the “Divine Section.”
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I
Faking the line AB as radius and using A and C as j\
) < drw ares i ; ; [
centers. draw awes wtersecting at D, Using AC as "

vadius, draw ares that cut the long ares at E and -
F. Then AC, CF. FD. DE, EA form a pentagon, .
A five-pointed star can be formed by drawing AF,

EC. DA, and DC.

i -

- - i

Yt the immediate use of the Golden Mean in geometry, du;
ing Plato’s time. wds cven more remarkable. :

The Seation was actually the key to the geometric construd
ton of the pentagon and of the fifth regular solid, the dudccz:
hedron, with its wwelve pentagonal faces—nat their mere freg
hand drawing or building up with tiles as before, hu['(he
perfect construcion with suing and straightedge. These an
ather beawiful shapes can be drawn easily if you just use th
Golden Section. -
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“But the most important thing abowr The Section,” said

Eudoxus to Plato at dinner, s the Lmrlnff/unl\nw 1t stimulates.
In The Section, the length is irrational, VeI it presents no ditficulty

becitise it is hanclled. geometrically. So 1 have been working on
a new definition of pr. oportion—extending the idea of number to
mclude the irrationals, :m(l the idea of length so thun( ‘ms will
be correct for all lines...

Of course, this conversation is mmaginary, hur Eudoxus of

Cnidus actually was the greatest mathematician of his age, and
the Golden Section theorems were his mogt st iking .ldncvemun
Another. great geometer. an Athenian friend of his and Plato’s,
named Theaetetus, probably worked on the theorems first, and
Plato hnnself doubtless taught the subject at the Academy. But
it was Eudoxus who finally broke the wranny of number, with
his’ magnificent new theorv of proportion. so we have made him
theshero of our story. He really must have contemplated the
Parthenon in his student days. And we used ‘poetic hicense”
to let him demonstrate The Section in the olive grove on the real
occasion off his return visit o Athens. That w; av, you could see for
yoursell’ The Section’s brilliant role in the Golden Age of Greece
—and how, at Plato’s Academy, Eudoxus and others freedd
geomeury tor the stil more brilliant developments 1o come.

16. A ROYAL ROAD, AFTER ALL

i v .. Greek try burst its bonds
During the 4th century ... Greek geometr)

iscoverics of “ lants.
anc went on-to the vemendous discoveries of the “age of gia {
And Greek cullturc 00, burst from the mainiand of Hellas anc
spread o most of the eastern Mediterrancan.
qure
Both developments were connected with the romantic figu

of Alexander the Great. After Plato’s time, teachers and Alumm

from the Academy have gone on to found schools of ih(ﬂ‘r owni In{
particular, Plato’s most famous associate, the great p]uiosopff‘:‘l
Aristotle, had set up the Lyceum in Athens, and st.a'rted L'hc SV§-
tematic classification of human knowledge. And Ansli.otlc s l(l{]()S.[
renowned pupil was the warrior King Alexander of Macedon,
who tried to conquer the world. ' _

In thirteen years, Alexander extended his rule over Greece
proper, and Tonia, Phoenicia, Egypt. and the vast l’ersr:\n do-
mains as far as India. Then he died, and his empire broke “l;\
But throughout those far-flung l;ynds. h(? !T:Ad ;loun_ded E::Zk
cities and planted the sceds of Greek civilizaton—the G
language, Greek art, and. of ¢course, Greek mathca:zg@g N

\Idthenmuuans traveled with his armies. And th ﬂ(?\'ti\ A

¢
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story of how hard Alexander himselt worked at the swudy of

geometry.

Menaechmus, who had smched with Plito and Eundoxus, was
trying to teach Alexander some geometric proofs. The lesson
went badly. “Master,” exclaimed Alexander, “in my kingdom
there are myal roads built smoothly. as short cuts for the king.
Can you not make this task casier for me?”

Menaechinas made the now tamous reply, “Sire, there i1s no
roval road to geomenry.”

Yet there was to be a roval road. after all. And before and
after Menaechmus, many geometers labored mighuly to build it.

During the 5th and 4th centuries B.C.. these geometers hickl
the Greek beliel that abstract thought, nor mechanical work. was
the proper occupation for a gentleman. So they kept aloof from
practical applications, and devoted themsclves o smoothing and
polishing existing proots and hnding more and more new ones.
These thinkers were of various kKinds—dreamers. adventurers,

discoverers. organizers. Some fitted into one or another of these

_ categories, some belonged to all of them. We shall only call the

roll of the most importnt. Among the carlier ones were Archytas
of Tarentum, Plato’s geometry teacher. Hippoorates ol Chios,
who wried o it mgcthcr all the rules. and Theodorus of Cyrene,
who discovered many of the rrationals. In Plato’s own time, the
two greatest were Theaetetus of Athens and Eudoxus of Cnidus.
And at the Lyceum, and at the Acacdemy after Plato, many more
worked to mmprove the defininons and assumptions and make
new abstract discoveries—including Menacchimus,  Alexander’s
taskmaster.

But after Alexander’s conquests” the antimechanical taboo was
lifted. A new atmosphere prevailed m the Hellenistic or part-
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Greek, monarchies of his successors. World wrade. improved
navigation, better farming mcihods were the order of the day.
And mathematicians wrned their attention to practical matters.
They made water clocks, irrigation devices. cogs for launching

ships, various sorts of tackles and gears.

The most illustrious mathematician of this Lkuer age was also
the mechanical wizard of antiquitv. Archimedes of Syracuse.
-\umuo his many 1.1\e1u|()x\s was the so-called “screw of Archi-
meaes,” a device for pumpnuT water from the holds of leaky
ships or draining flooded mines.

So vast was his knowledge of leverage that he once said,
“Give me a place to stand on. and 1 will move the earth!d”

But Architiedes’ most fabulous accomplishments weve n con-
nection with the defense of Svracuse, where he was attached
to the court of King Hiero 11. That rich aud beautiful city was
a temipting prize to Marcellus. who plied the Mediterrancan as
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head of the Reman fleet. Time after time, he directed attacks
on Syracuse, but each assault was repulsed by the i ingenious
nmchmes of Archimedes.

“On one occasion the Roman: ships were burned by firchalls
hurled from a catapult behind the city walls.

Another time, a large claw maneuvered by levers and pullevs
actually grabbed the prows of the Roman ships, raised them
in the air, and Hung them back into the sea.

At another attack. 2 huge mirror concentrated the sun’s riys
and focused them on the R()mzm t]eet,[seuino ships on fire.

Naturally, at each sumrunon of a return 1o Syracuse, the
unhappy Roman sailors would crv. “Oh no! Not again!” And
Marcellus himself used to call Archimedes “that geometrical
hundred-armed giant.”

“Archimedes’ many machines proved the value of science in

" r and peace even m that eariv date. Yet he did much more
nnpox tant and far-re whing work in pure mathematics. He and
the other Alexandrian geometers were every bit as devoted to
abstract thought as their predecessors. In fact. from the Golden
Age through the Age of Plato and right into the Hellenistic Age,
they were all absorbed in 2 set of fascin: wing abstract questions,

These were the thice fumous pu::Jes—wns[rucuonx that had
to be performed using only straightedge and string. One was
called “squaring the circle” how could you construct a square
with the same area as a arele? Another was “tr isecting an angle”:
how could you divide an angle into three equal parts> Another
was “doubling the cube”: how could vou construct a cube whose
volume would be double that of another cube?

‘About the mlgrm of the cube puzzle, a curious story was told.
It seems that a great pl.lque ravaged Athens in 430 B.c., and the
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citizens appealed 1o the oracle at Delos‘ i"mi help. The _()’racll(ci‘
replicd that the plague would be smy.ed if the Ath'cnm.ns \; <')u
double in size the aliar of Apollo without changing its shape.
The alter was a cube! .

Historians do not think this tale is true. Rather, they belncvﬁc,
it was made up later to hide the fact that the “thr_ec geomc':n::
puzzles” were really useless problems. But work|‘ng on w 1."%{
mav scem useless has {requenty heen the task. of mathemau-
(i;ll'h' andl such tasks, pursued with care, patence, and per-
dstence, have led o most useful results. A whole book could
be written about usctul results from useless problems.

In the case of the three geometric puzzies, they werc not
onlv useless but quite impossible with only those ols. These
constructions simply cannot be made with st m«r and straight-
edge alonc! But more than two thousand ycars clapsed before

that was delinitely proved.
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So from the sth to the 3rd centuries B.C., many geometers
worked m vain on the three puzzles. And attempts o solve
them led 1o the invention of new curves that broke the rules—
they were made by a '\«';n'icty of mechanical or three-dimen-
sional means.

Menaechmus-himself, struggling with the problem of doubling
the cube. dreamed up the idea of cutting a cone with a plane,
The sections he cut were an epochal discovery, and later on
Archimedes worked on them himself.

Thev were i the shape of three new curves, the dlipse, the
parabola. and the hyperbola—the Greek names of ‘that age are
still in use today. and we sull call them conic sections. becausc
they can be cut from a cone.

If vou cut a cone of vour own, vou can see these curves for
yourself. Take an ordinary ice-cream cone—not a real one. as
it would crumble it vou cut it. but the shape of onc. Set the
vertex up: this is a right circular cone. 1 you cut straight across
i, parallel to the base. vou will get a circle which is also a
cqnic section. Slice clear across it at an angle. and vou get an
ellipse. Now, just slice oft one side of the cone, cutting parallel
to the slanting outsice of the cone itself (the line of generation).
and you get a parabola. Finally, slice straight down parallel 1o
the vertical axis of the cone—and stand another cone upside down
on top of the first one and slice it in the same way—and you get
the two curves of a hyperbola. Picture the sides of vour cone

~extending-endlessly. and vou will sce the open arms of the para-

bola and the hyperbola veaching out toward mfinity. These three
anves—the ellipse. the parabola. and the hyperbola—are a perfect
example of remarkable results from a mathemaiical puzzle.

In the next centurv, the conic sections were studied by
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As for the hyperbola, it is the path that the sun’s shadow of
an object traces on the ground in the course of a vear, and its
applications are equally wonderful. This curve is used in
LORAN (Long Range Navigation). a vadar-like system that
cnables a pilot to set and hold his course in any weather. He does
this by means of radio signals and a map with Loran “lines of
position,” hyperbolic curves.

So the conic sections—found by Menaechmus trom a “useless’

y

puzzle—have proved tremendously uscful to liter science and

industry.- And so have the great pracucal achievements of the
Alexancrian geometers.

Archimedes” work on levers and tHoating bodies was the begin-
ning of the science of mechanics. And his method of determining
curved areas and volumes was the forerunner of Newton’s cal-
“culus. In fact, both the theoretical and the applicd mathematics
of the Hellenistic Age prepared the wav for the massive achicve-
ments of Sir Isaac Néwton, who kud the foundations of the

modern exact sciences. As Newton himselt sasd. 1 could not |

have seen so far, had 1 not stood on the shoulders of giants.”
So Menacchmus was partly wrong. after all. that there was
no roval road to geometry. For the giants of Greek geomeury did
. L. . L . iy
build a royal road that others would tread after two thousand
years.
And this “age of giants” was 1o produce a pinnacle of its own.

17. THE WHOLE, ROUND EARTH

O ur story of ancient geometry reaches its thrilling climax at the
start of the 3rd century B.C.. for then a famous geometer wrote
down the whole theoretical subject in the best-selling mathe-
matics text of all time, and soon after. another geometer per-

formed the most spectacular prdctic‘al feat. He used a shadow

Lo measure not just a pyramid, but the whole round earth!

These two events ook place in the new Greek capital of the
age-old land of Egvpt.

Founded by Alexander the Great and named for him, Alex-
andria had become die leading metropolis of the ancient world.
By now, it was a flourishing royal city. a beehive of commerce,
the most important seaport on the whole Mediterranean. And
Alexandria was also the world’s main clearinghouse for ideas.

This sumptuous cosmopolitan city was the gathering place
for the best scholars and scientists of the age. Savants from many
lands made their discoveries in ghe “museum™—a graduate school
that carred on sgudies’ il\xﬁli(eratmte._ medicine, astronomy, and
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mathematics. The accumulated lenming of the past was stored in

the great annexed Library, with nearly & million books on scrolls.

Thc librarian was a Greek ‘named Eratosthenes. A universal
.l he was a m.nhenmucmn, a speaalist m history, an astron-

omer, and a poet besides. And around 250 8.¢. he did something
almost incredible in those tmes. Eratosthenes measured accu-

rately the girth of the planet he lived on!

Strange as it seems, he had a practcal purpose n mind. As
a great geographer, he understood that the earth was round. and
he was mapping the known parts of l[. On his map of the
world, Eratosthenes put all the data andt Histances he could get.
The project was typical of that -era, when the Mediterranean

was becoming “one world” for the tirst time. It was one world -

of scientists; astronomers, mathematicians, and geographers in
many lands were pooling their knowledge. And it was one worlkd

of trade, of ships and sailors, who needed maps. To make his map

¥ accurate and useful, Eratosthenes wanted to determine the
width of a degree of latitude. But for that. he had 1o know the
circumference of the earth. How. was he to measure it

The inspiration came to him one day as he was wr aveling up
the Nile on a summer study trip. He noticed with excitement
that on the longest day of the vear the noonday sun shone
straight down a well at Syene, a town about 5000 stacia up
the river from Alexandria. He could see the shape of the sun
reflected on the surtace of the water at the bottom ol the well.
But from there northward to Alexandria where he lived, the
sun never got divectly overhead.

So Syene was really on the Tropic of Cancer! To a geographer
that was most nnportant, and he explored the region in order

to draw the Tropic on his map.
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tn the Hlustrations vou can sce, as
Ermosthenes did, that the string- and
post-lines: at Alexandnia formed  the
sime angle as  the atermate angle
formed tw the post- and sunray-lines
at the cemer of the carth. Both repre-
sent angles of 70 127 With this fact and
simple  arithunctic  Eratosthenes was
able 10 calculate the approximate cir-
cumlerence of ttie carth.




STRING. STRAIGHTEDCGE. AND SHADOW

" But the sight of the sun in the well fired his imaginition even
more. Just that single observation. plus his knowledge of geom-
etry and his own active brain, told him how 10 dcaermine the
distance around the eaith. He did it by means of a shudow and
some remarkably shrewd deductions. Eratosthenes simply took
the known distance between Svene and Alexandria. due north—
as veported by camiéel caravans and professional “step-counters”
—and then measured a single angle at the right place and the
right tmme.

He macle his historic measurement at Alexandria, at noontime
on the longesf day of the year. At that moment, he knew. the
sun was shining straight down the well at Syene, 5000 stachia
away. casting no shadow. But at Alexandria, where he stood. an
upright post was casting a shadow.

So Eratosthenes siretched a string from the top ol the post o
the tip of its shadow. Then he measured the angle between the
post (at its top) and the string. Do vou see what he had doner
The string represented the sun's ray that was casting the shadow,
He had measured the angle at which the post met the suns rai:
It wasa 7 12 angle.

Now look at the picture on page 151, where we have cut away
a picce of the carth, and you can see the brilliant deducoon
that Eratosthenes made from this angle.

He just assumed an imaginary line from the sun rays at Svene
e o, arough the well o the center of

Sy

the Cnlh and an imaginary line from the post al Alexandria

[T

continning down to the center of the earth, wo. OF course. he
assumed the sun's ravs were parallel. So at the center ol the
earth, the post line met the parallel ray line at the same angie

that the post met the ray ar Alexandrial (When a transversal cuts
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twa parallel lines, the alternate interior angles are equal.) So
Eratosthenes made the altemate angle at the center of the carth
7712 The rest was easy.
This angle goes into 360° just 50 times. (There are 60 minutces
1o the degree.) Then, since the length of the arc macle by 7% 12'
was about 5000 stadia. the distance around the whole earth must
be so times that. or about 250,000 stadia.

In Egvpt there were about 10 stadia to a mile, so his mcasure-
‘ment was around 25,000 miles—very close to the actual circum-
ference of the earth. as it was measured in later centuries.

Eratosthenes’ estimate was the most accurate in ancient times,
and the climactic fear of the ancient practical art of geometry,
or carth measurement. Yet his contemporaries thought of him as
a “second-string man.” for around the same ume. and in the
same citv of Alexandria, there lived another m;*nmetcr whose
name is more widely known than any mathematician's in history.

Surely vou have guessed who it was. None other than Euclid
himself! His masierpiece, the Elements, became world {amous
in his own lifetime. and nowadavs it is stll just as famous. For
more than two thousand years, ever since he wrote it, students
have been studving elementary geometry from his great work.
The chances are that it is the basis of vour geometry book todav.

The incidents of liyylid"s life are unknown. But we can infer
the waits of painstaking accuracy, imagination. dogged deter-
mination. and above all logncal thiking, that led him to assemble
and organize evervthing that had been accomplished in geom-
etry up 1o his ume. .

Ot course. there had been previous aucmpts by other writers.
But it was he who finally arranged the whole subject in the
complete and orderly outline that was desperately needed.
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Earlier Greeks had struggled to find, in simple geometric
forms. some basic ruies of line and construction and relationship
for a clear and dccurme descripton of Fature. Afterward, proofs
and ideas grew like mushrooms, with more and more theorems
established and problems solved. By this time, there was a press-
ing need for one summary that coulkl be accepted and used by
Greek geometers and their students from Asia Minor to Sialy.

Euclid of Alexandria wrote that texbook, but it was far more
than a mere textbook. Fhe Elements was also a work of art. Out
of the pieces of a mathematical jigsaw puzzle, he created a clear
and beautiful picture. He lraced'geon]’%{uic facts, logically and
clearly. from the very [irst principles that Thales had found. He
built these facts, one upon the next, into a truly magnificent
edifice. We have spoken often of mathematics in the arts. But
the Elements shows us the reverse. art-in a work of mathenatics.

It was as though Thales and the Pythagoreans had quarried
qrem marble slabs from nature, and through the centuries that
followed many minds had carved and polished each piece until
at last the whole was put together by Euclid into a simple and
perfect structure as lovely as any Greek temple.

In addition, the Elements told the history of an age. For in
making his compilation, Euclid had carefully collected, put to-
gether, and reported the work of the preceding centuries. His

book contained ‘most of the important discoveries of the Gi eek

asters of the classical period. Here was an indispensable col-
Iccuon of beautiful and usclul definitions and theorems. But the
arrangement surpassed even the content.

From start 1o finish. Euclid’s Elements was held wgether by
rigorous decluctive reasoning. From a few wisely chosen axioms
(agreed-upon common notions). he had gone on, step by step,

From the Academy to the Museum

to the most advanced proofs. Perhaps no other human creation
has shown how so much knowledge can be derived from reason-
ing alone. So through the ages, hus book s been usad as a ll‘:d'ln-
ing in logical thought, not just for mathematicians, but for philos-
ophers, theologians, logicians. lawyers, and statesmen. Seekers
of truth in all ficlds have studied and mttated its form and
procedure. : .

But these are just high lights of Euclid’s unique accomplish-
ment. By writing the Elements, by putting cvel‘ything together
is lasting logical form, he transmitted intact to posterity almost
the whole of Greek geometry.

With Euclid’s immortal Elements we close our tale of geom-
curv in the ancient world. That story has brought us all the way
["r()'m primitive hunters to scholars at the Alexandria Ulli\rg;‘siLy.'
We have seen ancient men, using the carly practicat mt, gradu-
ally learn to tell time and direction, to lay out their fields and
(lié‘ irrigation ditches, 1o design und'dccoraté their dwellings
and temples and tombs, to record the travels of the sun, m()fm,'.
and planets. We have watched the merchant Thales working -
out the first abstract rules, and the mystical Secret Brotherhood
developing these rules, and studying shapes, and trving to link
geometery with numbers. Finally, we have seen the later Greek
geometers influencing philosophy and art of the Golden Age,
and laving the foundatons of Hellenistic and modern science.
From staut to finsh, 1t was a ("I cat adventure of the human mind.
And alt of it, from Stone Age men to Eratosthenes and Euclid
was achieved with just the suing, the straightedge, and the
shadow,
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